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INTRODUCTION 



The Pennsylvauia Retrieval of Infprmatlon for Mathematics Education 
System has been- established by the Department of Educattion to assist educators' 
in curriculum development, implementation and evaluation in elementary school 
mathematics. ' 



-r'^: System 

PRIMES is an information storage and retrieval system that uses com- ' 
puter technology. .A comprehei^sive data base of analytical information' about 
curriculum mat^ials for school mathematics (grades K-8) has been stored in 
the computer and can be retrieved to meet the specifications of local school 
districts. Included in the data base is information about textbooks, achievement 
tests, curr^icultim- practices, audio-visual materials and manipulative devices. Two 
models for individualization of instruction—flexible grouping and instructional 
kits—using the system's resources have been field tested. 

The goals of PRIMES are: /. 

1. To develop and ulaintain a data base of instruction- atid 
evaluation materials in. elementary Bcbpol mathematics. 

v<5^ ^ ' . - ^. - - ' ' , 

2. To assist mathem^ics committees of local school "districts 
in systematic currlctiluin development; 

3. To effect change, in classroom instruction by ImpXemehting 
the curriculum document$ produced by the committees. 

4. To develop teacher/administrator competencies in curriculum 
development, instruction and -'evaluation activities through ^ 

/system-related in-service workshops and gradtiate courses. 

5. To develop. and implement classroom models for indlyiduaXlzatlon 
of instruction. 

The data base is created by analyzing or classifying the instruction 
and evaluation materials using three analysis tools— a list of mathematics con- 
cepts and skills, f^athewatiaa Content Authority Diet; a list of behavioral obj- ^ 
ectlyes, BehcB^toral OhjeoUvea Authority List and a list of mathematical terms. 
vooabulecrxf Authority List. ■ , 



Services 

I ■ ' 

ft . - ■ \ 

The three authority .lists^-CAL, BOAL/VAL— are used by local school 
districts in accessing the data base for decision making in curriculum, in- 
struction and evaluation. ^School districts rec^iiying services are assigned a 
consultant who trains the dommittee members in using a s^t of curriculum pro- 
cedures manuals. Services are. available at regional centers or the Department 
of Education. / 

^^^J^^The system enables a"*Bcbool district to evaluate i^is .current cur- 
riculum based on concepts and skills and performance objectives, considered to 
have highest priority by its ccamnittee. The coxbmittee, again setting its own 
priorities, can construct a scope and sequence, select textbooks, manipulative 
devices, audio-visual and test materials,, develop a teaching/reference guide 
and determine the relationship of standardized tests to its curriculum. ^^^^IMES 
can also be applied to designating an individuedized instructional program for 
open education* geared to what each ^child kqows and needs to learn. 

♦ 

' Content Authority List . ^ ^ 

The Mathematics Content' Authority Jiiat is a list of ^oathematics ' 
concepts that may be taught in the school mathematics curriculum, K-8. 
About 450 concepts haye been. identified and org^ized in outline form 
under eight major , topics. A four*-digit code has been assi^ed to each 
content for use ^Vh the computer. " . » 

^ ^ • * 

The CAL has been used extensively , since 1965 by trained analysts' 
and this 'edition^^C9rporates those suggestions which the editors approved. 

^ « HathmaiAc^ Con^ contains only 

concepts and. the code nuiftbers; the unabi;idged version includes definitions, 
explanation^ and examples.. ' * - \ • • * * . ' . 

* The nymt)ers In parentheses following selected coT\cept8 ate references 
to other concepts that may'Be relevant. ^ ^ 
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• i TOPIC I: 
Number Systems 

" Whole Numbers 



■BASIC CONCEPTS 

D6finitiDn: set of whole numbers 
- {0,1,2,3,4,5,6,--..} 



0010 



Developing cardinal number s^nse 

Cardinal number expresses the mcmyness of a set; it tells 
hou) mam ^en&nts are in a set. 



Ex. N{a,b,c,d.} = 4 



Ex. N{ } = 0 



A. Developing cardinal number zero 
(See 4070, 3060) 



B. Developing cardinalvpumbers one through ten 

(See 3060, 0060)* 

C. Developing cardinal rullmbers beyorfd ten 

(See 3070, 0060) ^ 



0020 



0030 



0035 



Developing ordinal number sense ' 
(See 0075) 

An ordinal number indicates the position of an item in a 
sequence of items in contrast to a cardinal number which 
tells how many items are in a set. 

Ex. first, second, third; 4 o'clock (indicating the hour 
in a sequence of hours) 



0040 



'10 



1 

V 



Whole Numbers 

BASIC CONCEPTS 

if 

Associating the idea of number with the number line (one-to-one 
correspondence) ' ^ ' 
(See 4010) 

A one-to-one correspondence is said "Coexist between two sets 
A and B if every member of set A can be paired with a member 
of set B and every member of set B can be paired with a member 
of set A. 



Ex. 



0 1' 2 3 4 



Each number on the number line corresponds to one point on 
the line or each number is paired with one point on the line. 

Counting to find cardinal number of set (one-to-one correspondence) 
/ (See 0030, 0035, 4010) 

Cardinal number - See page 1. 
One-to-one correspondence - See 0050 . 
Ex. {L, 2, 3, 4 } 




Ordinal counting 

Ordinal number — See 0040 
Ex. 



w ^ 

first ' second third fourth 



Sequence of numbers increasing by one 
. (See 0040, 7090) 

Ex. ' 1,2,3,«- 

14,15,16,17,-" 
31,32,33,-.. 



Whole Numbers 



BASIC COf^CEFTS' - ' . ' 

Skip counting 

(See 7000, 7055, 7090, 0380) ' , . 

Px. 2,4,6,8,.-*.; 5,10,15,-..; 5,8,11,14,.--.. 

Other counting: backward, rote, etc. 

Ex. Backward: 9,8,:^,6, - - * ; 50,40,30,^^- - ; 

Rote': 1,2, -3, 4, 5; I caught a hare alive. 
6,7,8,9,10; I let him go again. 

Ordering numbers as greater than, less than, equal to or not equal 
to, and between; and objects as fewer than or more than 

(See 4010, 4030) , . 

Ex. 7 > 2; 5 < 9; 3 + 1 = 4; 2 x 7 ^ 15 

7 apples are rnove than 5 apples. 

A dog^has fewer eyes than legs, ^ 

Trichotomy property 

If a and h are whole numbers, th^n one and only one of the 
following ^statements is true: a-^^, a = &, & > a. 

Ex. / If a: 5^ 3, then a: > 3 or a: < 3. 

OPEMTIOWS: ADDITION 
Basic concepts 

A, Addition, a binary operation 

A binary operation is an oper ation on two and only two 
elements in a set topir6Buce a third element belonging 
to the set. 

« 

The binary operation of addition combines two number's to 
obtain a unique result, * ' , 

Ex. 2 + 3*5 The number 2 and the number 3 are combined. 
to obtain the number 5. ' . 



0080 
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Whole Numbers 

OPERATIONS: ADDJ^TION ' ' " , 

B. , Addition developed by using the union of disjoint ^ets or joining 
y taction . • • , 

(See 4093) ^ 

Disjoint sets are sets which havfe no elements in common. 
Ex. 

are disjoin1[^sets. - ' 

The union of two disjoint set^ forms a new det. 
Ex. • * 

{A,0,n}u{D,,A} = {A,o,n,D,4} 

Adding the numbers of two sets gives the, number of, the union 
of the sets. 

Ex. 

N {A.o,n}+ n{d,a}=n {A'p.n^Q A} ■. 

3 + 2 5 (adding the cardljial numbers o£ the sets). 

C. A^ition developed by'us-ing the number line _ ' 

Ex. • ■ 



0123-45678. 
^ _ 3 + 4 =, 7 

D. Closure, a property 6f addition . 

binary operation with numbers such that the resulting 
» number is alvvrays a member of the set being considered is 

said to be oloaed under that operation. 
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Whole Number^ 

OPERATIONS: ADDITION ^ 



Since for every pair of ninnbers in a set of whole numbers, 
the unique Sum is also in th^t set, closure is a property * 
of addition of whole numbei^s. 

Ex. A « {0,1,2,3, »^ •}, 'the set of whole numbers 
6 + 99 « 105 

6 , 99 and 105 are all member^ of set A. 

Ex. B =^1,3,5,,7, • • •} , the set of odd whole- numbers 

V ' ' ' . 

_ s> 3 + 5. » 8, but 8 is not in set B. 

Closure is not a property of addition of odd numbers. 

Comi^itata'vity, a property of addit^fon 

*« 

Commutativity is another term for the commutative ptoperty. 

A binary operation is said- to possess commutativity if the" 
result of combining tiwo elements is independent of the order. 

/• 

The commutative property Is sometimes called the ovdBV 
property.' ^ * * . 

Ex. The operation of addition of whole numbers possesses 
commutativity since , ^ * ' 

'2 + 3 = 3 + 2 = 5- 

^ , * ^ » ^ 

F. Associativity, a property of addition . 

Associativity is another name fp^ tfie associative property. 

An operation ds 'siid> to*^'t)ossess associativity if the result 
of* ccttibining tljree elements by this operation is independent 
of the way in* which thg elements are grouped. 

The associat'iv^ property is sometimes called the qrouDina 



Whole Numbers 

OPERATION^: ADDITION 



\ 



Ex. The operation of addition of whole numbers is 
associative. 

'5 + 2 + 1- (5 + 2) +1-5 + (2 + 1) 

7+1 = 5+3 

Ex. a + & + c = (a + &) + c » a + (6 + c) 



6. 'Zero, the identity element in additiph ^ 

The iden^ty element in addition ISvthe nun^J)er which when 
added to any number leaves that number unchanged. 

0 is the identity element for additicto'. 

4 

E>^3 + 0«0 + 3= 3 
Ex. n + 0 « 0 + n = n 



H. Role of one in addition 

When* 1' is added to a whole number the sum is the next ' 
greater whole number. ^ 

Ex. 23 + 1 = 24 102 + 1 = 103 



Computation: two addends 

A. Elefnentary facts of addition 

An elementary (basic) fact of adAttrfon has t^o whole number 
addends, each less than ten, an^ their sum. 

. Ex. 6% 7 ' 
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Whole Numbers 

OPERATIONS:. MDDITION ' 



B. Multi -digits used in addition without renaming 
(See 3010) • 

Renaming in addition means considering ones as ones and tens, 
or tens as tens and hundreds, etc. 

Ex. 213 

+ 142 . . , .r' 

355 

No renaming is necessary. See 0210 for an example 
using renaming (in some texts called regrouping or 
carrying in addiction) . 



C. Multi-digits used in addition with renaming 
(See 3010) 

^ Ex. 337 = 300 + 30 +7 

i 184 ^ 100 + 80 + 4 . . . 

400 +110+11 

# 

400 + 110 +^11 
^ 400 + (100 +/10) "+ tl'O + 1) = 

(400 + 100) > (10 + 10) + 1 = 521 

The 11 ones are renamed as 1 ten and 1 one. The 11 tens 
are renamed as 1 hundred and 1 ten. The tens are com- 
bined and the hundreds are combined giving 521. 

Computation: more than two adden(i^ , . ' . 

A. Single digits used in addition without renaming 

Ex. ■ 3 • . 

2 5 + 6 + 4 = ? 

+ i . . 

3+2+4 does not use renaming since neither 5+4 nor 

6+3 uses renaming. 5+6+4 does not use renaming 

since in neither 11+4 nor 5 + 10 do the ones need renamed. 
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Whole Numbers 



OPERATIONS: ADDITIPN 

B. Single digits used in addition with renaming / 

When the addition fact used is greater than 9+9 renaming 
.N will be needed. 

■ ■ .- 

5 

+ 3 ^ 

Adding down 17+5 will use renaming even though addition may 
be done by considering the ending for the basic fact 7+5. 
Thdt is, 12 will be renamed as 1 ten and i onps. 

C. Multi-jligits used in addition without renamina 

' (See 3010) ' ^ 

Ex. 213 313 

141 . 241 

+ 234 + 631 

588 1185 

The ones do not need to be renamed as tens and ones. 
The tens do not neeH to be renaiped as hundreds and 
* . tens. 



D. Multi-dig\ts used in addition with renaminq 
(See 3Q10) 

■ Ex. '427 ' 
356 
+ 485 " 

1268 , 

18 ones must be considered as 1 ten and 8 ones, 16 tens 
as 1 hundred and 6 tens, etc. 

Historical algorithms . 

Ex. The scratch methord 

66 367 + 298 « 665 

367 The sum is- recorded above the problem. Com- 

298* putation is done from left to right, scratching 

out each partial sum as it is changed. 
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OPESATIONS: ADDITION 
U§e of adcjition tab.les 



. . Ex. Caiijplete, the addlkibn table' ^ . 
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1' 
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b 




■I' 
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■ 4 
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Compl^ete, the'' ad'd.ition' table 




1 ■ 
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■. 7 •• 
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5. 








^ 




7 . 




10 


12 







Whole Numbers 



0231 



V 



ERIC 



OFEMTIOUS: SUBTRACTION . ' 
Basic concepts 

A, Subtraction^ a binar'y operation 
Binary operation - Se^ 0110 
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Whole NumWs ' " . 

OPERATlOUSt ■ SUBTMCTION " ' - - 

B. Subtraction deve-lftped in reTatipn to subsets or' separatinglaction 

(See 40^0) . . . . ■ r - • 

^ ■ . ' .. Bj?, Pennied - • // " " . 



. Separate one penny from the set of five pennies. 

C. 'Subtraetion, developed frpm nunter line 
Ex, , 




d; Subtracfioi^y the i-nverse af addition (relationship of addition 
; and.sutxtraction) . 

An inverse operatlorl is one which undoes another operation; 
; ' ' standing^ is thk inverse of sitting and sittiAg is the 
inverse 0f standing. 

■ ' ^ Subtraction is the inyersQAof addition.. ' " . 

Ex. .8 + 3 * 11 and 11-3-8 



Adding the number 3 ta th6 numbeT^ 8 gives the sum 11 
r-. ... (8 + 3 «■ 11). ; 

SubtractiAg the nuInber^ 3 from the. sum ir gives the 
\ : missing addepd 8 (11 - 3 = 8). 

E. Rple of -zero in subtree ti on 

■■•^ero -is the right-hand identity element "^or siibtraction. 
Ex. 8 - 0 - 8 " M - 0- - n ' ■ ■ 



Whple-Numbers 

OPERA^IONSy SUBimC^IOlt ' • ' " : ' -■ ' 

• • f ^ * • . • 

* * ^' . * ' •• • . 

' Any niimber subtracted from Itself is zero.. * ' ' ' 

' * ' . • *• 

• ' Ex. 8-8'*50' n^«aO 

F. NoncTosure, noncommutativity^ nohassodativity of subtraction 
of .wnola numbers " • 

Closure - See 0140 , ' ' 

. - •Coimnutdtivlt-y - See 015Q ' " . * 

Associativity See '0160 

If A =» {0,1,2,3, 4-,V*} and the operation i^ subtraction^ 
then closure, is not a property, of the operation.. 



\ 



Ex. - 3 6 = ""5 but ^5 is not k metriber. of set A. 
Commutativity is not a property of, subtraction 
•,\Ex. 7 - 3 3 7- ' -s'ince 4 ?« ~4 

Associativity is- not a -property .of ' subtraction, • 
Ex. • (9 - 2) - 1 fii- (2 - l-)- ^-^ince' 7~ l- 9 - 1 

* ' -■ .:' . ■ ■ ■ * 



G. Role .of one 'ill s.ubtra^tion < ' \ ' ^-r 

Subtracting 1 from/a 'who;Le number( 'jgives the next lesser, 
number. ^ * . 

Ex. 7 - 1 « 6 ^ 36-1 = 35 . • / • ' • 

Computation . 

A. Elementary facts of subtiraction^ 

• An eleippntary " (ba$iG) fact .of subtraction has tDo whole 
number addends eabh less thari ten. ^ 



WhCJe Wumbers , 

■■ ■ • • • , ' * . 

OPERATIONS: SUBTMCTlok 

Ex. . 16 - 9 - 7 * 16 -Q'" 7 

*The ^idends SL and 7 are, both' less than 10. 

B. MifUi-digits. used in .subtraction without renaming 

'MnemLpg in pitbtraoi^On means to consider 1 ten as 10 ones 
6r one tiundred as 10 teiSs, etc. J . . 

Ex. ' 47 ... . * 

' > 23 No renanjing is necessary.* - . 



Z.. Multv-digits used in subtraction with renaminti * 

(See 3010) > . ^ ; 

' \ '\r' , ^' • ,^ * ^ 

'fix. • 52 ' 5 tens and 2 ones^iliay be renamed as 4 ten^ 
"'. 25 ' ^ and 12 ones. ' ^ >^ 

' • ^--^ then 40 + 12 

V ' '/ ^ - (20 + 5) 

• ' ^ ' : '20 + 7 or 27 ' 

It 

Historical ^Igori thins 

s ^ ' < ' * 

Ex. 9!he scratch method/ - , /* 

' • ' 13 '3217 -.189 - 138 . 

;{A8 * 
^ 327 The answer is written above tijj^e •problem. 
189 Compxitation Is done from left to right and 

' nuiiierais are s;cratched" out as "borrowing" 
Is done.' '[ .V e ^ 



Whole Numbers 

OPERATIONS: ' MULTIPLICATION 
Basic concepts 

A. Multiplication, a binary operation 
Binary operation - See QUO 



B. "Multiplication developed from union of two or .more equivalent 
sets . ' 

Ex. .-r /-^ \ / r-7 ^ 1 ■ 



/ 



Two sets of 4 are equivalent to one set of 8. 
IVo 4*s are* 8. 
^ X 4 = 8 

C. Multiplication developed fifjom arrays 

« • 
Aft array is an orderly arrangement of objects in rows and 
columns. 



Ex. 



Three 4 s are iV^r 3 x;4 = 12 

Ex. 



• • • 



Four 3's are 12 or 4 x 3 = 12 
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Whole Numbers 

OPERATIONS: ' MULTIPLICATION 

D. Multiplication developed from the number line 

Ex. • 



0 1 2 3 4 5 6 
Three 2*8 ajre 6. ' ' 
3 X 2 » 6 ^ 

E. Multiplication develx)ped as repeated addition 

(See 0080) 

Ex* 4 + 4 + 4 » 12 

The sum of three 4's is 12. ' 
3 X 4 « 12 

A 

F. Multiplication developed from Cartes ian^ product sets 

Cart esiair' product vset^ - See 4160 
Ex. 




How many' dots- In column a? in column hi Connect each dot ^ 
in a with every dot in &. How many line segments, did you 
draw? (6) - 

The first dot in column a is connected with 3 dots In column 
ib by 3 different line segments The second dot tn column a 
is connected to the same 3 dots in column h by 3 different » 
. ' line segments. Togetfler the dots are conne^rea by 2 x 3 or 
6 lines. ^ 

. ■ f 

6. Closure, a property of multiplication 
Closure - See 0140 



23 
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Whole Numbers 

OPERATIONS: MULTIPLICATION 

' Ex. 12 X 25 = 300 

12, 25 and 300 are all numbers in the set of whole 
numbers • 

^ ♦ f 

H. Commutativity, a property of multiplication 
Commutativity - See 0150 

The product is independent of the order of the factors. 
Ex. 2 X 3 = 3 X 2 = 6 • 
^ , Ex. a X t 3 J X a 

-I. Associativity, a property of multiplication 

Associativity - See Ol60 ' ' \. > > ... . 

The product is independent of the way in which the factors 
are associated* 

Ex. '3 X 2 X 1 « (3 X 2) X 1 «= 3 k (2 X 1) 

" * Ex/ a .x & X o = (a X z>)-x a « a X a) 

J. . Distributivity, a property of multiplication over addition or 
. suatraction " , 

, Distributivity is, another n^e for the distributive property. 
Multiplication is distributive over additipn or subtraction. 

Ex; 4 X (3 + 2) = (4 x^3) + (4 X 2) 
4 x • 5 .= 12 ■+ • 8 . 

20 = ^ 20 . 'J 

7 . Ex. 4 X (3 - 1) * (4 X 3) - (4 X 1) 
4 x -2 ' = 12 - ' 4 



Ex. ax (b + d) -'ab + 



ao 



15 />d 



Whole Numbers 

OPEBATIONS: MULTIPUCA^HON 
K. One, the identity element in multiplication 
Identity element - See 0170 



One is the identity element for multiplication because 
multip;.ying a number by one leaves tlfet number unchanged. 



I* 



Ex. 5xl=:lx5»5 
Ex. l>^3=3xl»3 
Ex. nxl«lxn = n 

L. Property of :^ero in multiplication 

Any number times zero equals zero. 
Ex. 5 X 0 a 0 X 5 a 0 
Ex. nxO»Oxn = 0 

Computation: two factors 

A. Elementary facts of -muTtipliicatton 

An' elementary (basic) fact of multiplication has twcuiiitele 
number factors, each less than ten, and their product. 

Ex. 5 X 7 =. 35 
3. Multi- digits used in multi plication. without renaming 

Renaming in multiplication means considering ones as tens 
and pne^p, tens as hundreds- and tens, etc. , ^ 

Ex. 32 42 • 

■ 96 126 

There is no need to consider ones as tens and ones nor tens 
as hundreds and tens; / 



16 



; , Whole Numbers 

OPERATIONS: MULTIPLICATION 

C. MuUi -digits used in maiti plication with renaming 0480 

Ex. .45 40 + 5' , 

X 7 X 7 

315 280 + 35 = 

280 +. (30 + 5) = 

(280 + 30) + 5 310 + 5 = 315 

Note that 35 was considered as 3 tens + 5 'ones. 3 tens were 
then added to 28 tens., 

• ** * 

Computation; I more than two factors 

A. Mul tip] ic^ffoa with more than two factors, without renaming • 0490 
, Only elementary facts are used. 

Ex. 2x3 V 4I 

Ex. 2 X 3*=^< 9 ' ' ^ * * 

Ex. 1x2x3- x4 ^ 

B. Multiplication with more than two factors, with renaming 0500 

Ex. 6 X 3 X 9 = (6 X 3) X 9 = 6 X (3 X 9) 
" • • , 18 X 9 = 6 X 27 ■ 

- V 

>162 = 162 , ^ . 

When 8 is multiplied l>y 9 the 72 must be considlred as 7 tens 
and 2 ones and 7 tens combined with 9 tens; or when 7 is * 
multiplied by 6 the 42 must be considered as 4 tens and 2 * 
onfes and the 4 tens added to 12 tens. 
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. Whole Numbers 

% . 'J 

OPERATIONS: MULTIPLICATION 

i 

Computation " . ' * 

A. Multiples of ten as a factor ^ ' - ^ 

Multiples of 10 are "numbers whicK have a factor, of 10 &uch 
as 10, 20, 60, 120. 

^ t 

Ex. 12 13 ^ 25 

X 10 ' X 20 X 60 

120 260 15Qfl 



B. A power of ten as a factor ' * ^ 

Numbers'such as 10^, 10^, 10^, etc., Are whole number 
powers of 10. 

Ex. 100 X 15 = 1,500 " (100 « 10^) 
Ex. 1000 >c 23 = 23,000 (1000 = 10^) 



C. A number expressed in exponential form as a factor * 
(See 3120) 

An exponent is a small numeral written above and to the right 
of a base numeral. When the exponent is a whole number it 
shows how many times the base is used as a factor. 

Ex. 4^x5=4x4x4x5 

Ex. X = a^;*'^ = 

■ Ex. 62-x 6^ = 6^ 

Ex. 81 X 33- = X 33 = 37 

Ex. 92 X 33 = 32 X 32 >^ 33 ^ 37 



His tori caUaLgorithms 

Ex. ^'Peasant multiplication*' is a method of multiplying by 
halving. the multiplier (ignoring the remainder, if any) 
\ ^ and doubling the multiplicand. Results are written in 

two columns , and any row with an even number on the left 
is crossed jut. The total of the rigtit hand column is 
the answer. 
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Whole Numbers 



OPERATIONS: MULTIPLICATION 



I 



Hultlply: 52 x 23 

23 52 
11 104 
«. 5 208 
-3 416- 



1- f832 



i 



196 (answer) 



This Aeihod is basgd on the binaty system • 



Ex. The grid or grating method of multiplying 

Multiply:. 58 x 327 • . * ' . 

3 2 / , 7 ^ 
^ A ^ A 

»1 




The* -product; is 18,966. 



Use Of multiplication tables . 
Ex. Complete the chart 

2 3 



Whole Numbers 

OPERATIONS: MULTIPLICATION ' ^ " ^ 

Ex. Use a multiplication table to fi^d the answers to these 
problems: 

4 

^3x8 = 

2x5=. • . ' 

OPERATIONS: DIVISION ' ^ 

Basic concepts ' ' 

*A. Division, a binary operation 

Binary opetation - See 0110 

Oivi si on ''developed from partitioning into equivalent- set> 
^ (See 4060) * ' 

♦ 




V 



.How many sets of 3 objects each can be formed from 6 objects 
or if six objects are separated into twqt equivalent "sets how 
large wiH each set be? ' . 



C. Division developed as successive subtraction 

Ex. -12 ■ ' 

• -A 

8 

4 • ; 

- ~_1 

0 , ■ * • , 

V, ' - . ■ 

In the total operation 4 was subtracted 3 times' with no 
remainder. There are three 4*s in 12; H * 4 » 3. c 



Whole Numbers 

OPBRATIONS: DIVISION 

f 

D. pi\^ision developed from arrays 
. Arrays - See 0360 
Ex. 



• * * * 

• • • • 



If an array, of 'a meinbers is artangfea ^wlth 4 to a row,, how' 
many rows will there be? 8^4 « 2; or if an^ array of 8 
membQrq is arranged in' 2 rows, how many items w£ll be in 
each ifbw? 8 ^^2 » 4.. ' - 



E. Division developed from the nunter line. 



n—\ ! ■ I ' i H-H 1 S— 

-^.0 12 3 4 .s '^e 7 
How maay 3's are there in 6? 



• • • t ' • , 

F. • Division, the, inverse of multiplication 

Inverse - See 0270 ■ ' ■ 

• Ex. If 4 X Q= 12 ■ ^ 

then 12- * ^ = Q (that same nujrfjer) 

G. Distrtbutivity qf division oy«r addition or subtraction 

Ex. (4 + 8) T 2 = (4't 2) + (8 * 2) 

• 12 * 2 = 6 and 2 + 4 6 - •. ' 1 

. Ex. (8 - 2) J 2 = (8 T 2) - (2 * 2) 
6 * 2 = 3 and 4 - 1 S.3 

Tlie distributivlty of division oveje' addition or subtraction 
holds only when the operation of addition or- subtraction 
precedes the division. 
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Whole Numbers 

OPERATIONS: DIVISION 

H. Role of one in division ^ ' 

Ex* 12 T 1 = 12; n T 1 = n 

Xit^^ Is the right-hand identity eleioent for division. 
Ex. 12 T 12 1; n T n « 1 

Any numbed except 0 divided by^itself is-l. % 

I. Zero not a divisor 

What Qumber could eqtial a number divided by zero? - 

0 Could J =» 0? • . 

Since division is tHe inverse of multiplication then 0 x 0 
would have to 6qual 6, Thi$ we know is .not true^ No' number 
times 0 will equal 6 and no number times 0 wlll,egual n* 
Therefore, divislo'n by zero is an undefined opreratlon. 

"V • . ' »** 

J. Nonclosure, noncomniiitativity/ nonassociativity of division 

Closure - See 0140 " * 

Commutativity - .See 0150 

Assdclrativity - See 0160^ ' - ' , 

Exr If A « {Iv2y^i4tv •}. and the operation is division, then: 

• " • ,' • " 

.closure Is not. a property of division since 3 * 12 * 
"but k Is not a member of set- A. ' 

commutativity is not a property of division siAce 
12 i 3 ^ 3 ^ tl 38' it ^ k. . 

associativity is not a property of diflsion since 4 . 
(24 * 8) 4 2 ?«. 24 M8 f 2) 7 
3 * 2 24 * 4' 

1^ 6 > 
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Whole, Numbers 

OPERATIONS: DIVISION^ 
imputation 

A. Elementary facts of division . " * - - 

In elementary (fcas^ic) fact3 of division, Ijoth the known 
factor (divisor) and ijnlcnown factor (quotient) are whole 
numbers each less than ten. . ' - 

Ex, 8 . . ' 

4)32 or 32 T 4 = 8 

I . ... ' - ' 

B. Division: known- factor (divisor) less than ten, pnoduct 
Idiyl.dend^ npt renamed; no remainder 

' ... .- ,• •• * ' 

/ - Th^xdividend^i^a not renaioe'd if each digital value in the 
diyddeni XB'\a multiple of the divisor. 

C. ffivishon.; t'-tcnQvyn-.-^dr^' (dfvi^W, less>'tfian" ten, product 
Wivideixrf);)M}t rename.d* remairfre ■' 

. 4)46,- ^ ^. ■:'4ir^ •;■ ■ '-. 

ft; "division: knowrr fac^ .iks'thart X^m product 

• tdivtdend) renamed; ^o/reihsin^^ ": * ' * 

\ . ; The^ diiridend Is. ret^am^d as 2$.,1;e5S attd' 6 one|^ anOj^en 

' • , &s^2A' t;en^: anc[ 16 bheS.V ' V » . • / . 



E 



. afvi?.ion: ' known factor .(divijoj^y^ss .thao-iiefi," prqdyct • - 
, (dividend) renamed; r:emainder ■. ." • •> ' ^' V. . '• 



•Ei£. -32.i;l 



/ \ The dividend is renamed' ,25 ileiis: and 7 one^ aiid then 
-T as '24*t^ns and 17'ones» \ . . . • .•; ; 



Whole Nurnbers \ 

0PEE4TI011S:' DIVISION ^ / ^ 

' Division by ten or greater numbers . 

Ex. __3 ' '21 . .'"X78 r 33 
.10)30 26)546 296)52721 

* * * » 

« 

6. Division by multiples qf ten 

' ' . E?, ■ 41 5 ■ • 62 r 86 

^ 10)250 . 40)1640 300)J.500 120T7526 

v 

Note: If a text develops division as a series of subtractions 
the same type division exercises will be used though renanring 
> as sho;^ in 0640' vill no^ be used. 

' The exanq>les usisd in 0620 through 0665 might be solved as 
fqllowst . 

See 0620 ' - See 0630 - See 0650 - 

Ex. i;?! ' " 11 r 2 Ex. 32 r 1 ■ 

. ' '1. ' 2 '. 

20 • _10 . . 30 

100 4)46 8)257 

4)484 40 240 

■.400 .6 • • 

^ ' 4 ■ , 16 . 

iO ; 2 ' - 



See- 0660 - See 0665 - 

Ex. ' " 21 ' Ex. 25 

. . • 1" * T 

20 • 20 

/ 26)546. 10)250 

. 520-. 200 * 7 

"26 ■ ~5Q 

26- ■. 50 



OPERATIONS: DIVISIOti 
H. Division by powers of ten 
^ Ex. 263 * 100 « 2 r 63 
' ' Ex. 4256 ^ lOOa = 4 i; 256 
Ex. 5000 T 100 = 50 



/ 



Whole Numbers 



I. Division with numbers expressed in exponential form 
(See 3120) , . 

Exponents - See 0520 

^ 

Ex. 105 f 10^ = 103' 

46 V 42 = 4'* ■ ' - I . 

Use code 0670 only when exponents and' bases are positive' 
integers. ' ' ' 



Historical algorithms • " ' 

Ex. The scratch or galley method 

The modem algorithm is gisieni'along with the galley 
method. the galley method, -^J^its are* crossed out 
and .dif ffer^nces wrftten above r-ather than below the 
minuend.- 'The digits of a given ntnneral are not ' 
necessarily in the same row. 




Divide 2631 by 37 



37)2531 
'222 . 



37 2531 
■222 



6; 



37)2531 
222 
311 



37 



31 
lit 



Answer : 
68 



37)2531 
•222 
311 
296 



37 



31 



68 



68 r 15 

68 

37)2531 
222 
311 
296 
; . 15 

1 

29 



37 



68' 



.25. 



Whole Numbers ' ■ . • 

OPERATIONS ' ' ■ . ■ .' . 

Combined operations (addition, subtraction, multiplication." 
division) : , * 

A. Two sequential operatipns 

• Ex. -4 + 8 T^2 » ? ■ • , ! 

Parenthea^es shoxild clarify such an example: 

* % ' 4 4- (8 T 2) = • 4 + -4 = 8 ; , • 

(4 t 8) V 2 - 12 T 2 '» 6 

This, code should itot be used for examples such as: 
5. . • ' •/ - . • ' 

• a) 32 ' thougli 'both multiplication .ahd addition 

' . ' ^. 1§L used/» • 

^* • . * ' • ' ; ' . ^ * . • 



2a)5656- though, division, multiplication and 
subtraction are us^d. 



b; More than^tvrtAequien ^ ope rati Qns , 

See explanation 068p * * ^ 
• .* 
, , ;^Ex. (4 X 8) - 5 + (8 T 2) 

• 32 5-+ 4 -- •> -31 

Raising to powers^nd finding roots 
(See 3120) 



JE?c. -4?,= . 4 X- 4 X 4 «»" 64 •. . ' • • 

" • A- square root of 25 is 5. ' . • V ' • • 

' " .'• . - . •' ' - ■ - • • 

^ Note: * *Only^»whole numbers be used in ^ code 0700 .siojCe' ' 
^ this t6pic ;ls. paift of the m^jor topic Whole HumbeT8\ . 
^ See page 1. ^ . - '/ . , * 

The aqudre root of .*25 is not considere4 as '25^. See 3120: 
_ If the •notaiti(mj not operation is being developed, code 3120. 



. . Whole Numbers 

OPERATIONS • ' . ' ' 

1 * 

t 

Several operations in the same lesson 

Note: If one or two operations predominate do not use 
■this code. Code the operatloris .' 

s- ■ • 

Mof« than two properties 

Note: If one or two properties predominate, do not use 
this code. Code the properties. 
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TOPIC I: Number Systems 

NON-NEGATIVE RATIONAL NUMBERS 
Fractional Numbers 



BASIC CONCEPTS 

Definition: set of^nonnegative rationals {fractional numbers) 

A nonnegative rational mnnber is a number that 5^ be 
expressed as the ratio of two whole numbers, provided 
that the second nun^er (the divisof) is not zero. 

' Ex. 3 , a , , , ' ^ ' 

1\ J when h ^ ^ : ^ 

Note: When nonnegative rational numbers are considered, 
the term fraoHonal number will be' used. When nuinerals 
are considered, the term fraoHon will be tised in the 



content list. 



Developed in terms of basic operations 



Ex. 



0 2 ^ 

< 1 H 1 * 1 1 

I 2(| 3(|) 4(|) 5(|) 

•*-J* — — I .-^ » 1 , — »- • 

Name the points shown on the. number line in order. 
5 X X = ? , ■ 



J is 7 * ? 



7 * 5 is ? 



I 



37 



28 



1 



-» — t- 



2 



We can pair names for fractional numbers with points on the 
number line. What is the name of a point halfway between 
0 and 1? Let us count by halves: 

0 12 3 4 

2' 2' 2^ 2' 2 • 
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Fractional Numbers 

. BASIC CONCEPTS • , 

Developed from arrays or subsets ^ * 1010 ^ 

O O O , 

* Note the array of four circles. How many are shaded? » 

. , When one out of four .1^. .shade4.we say ^'of the circles 
are shaded. Which numeral shows the^ total number of 
circlesf Which shows the circle shaded? 

EkJ {a,6} is a subset of {a,6,c?}. ' 

How many elements are in the first set? 
How many elements are in the second set? 

2 ' *^ 

We say that of the elements are in the subset. 
• * Ex. Look at the set of figures. 

I* 

i A A , . 

i A A ■ . . ' 
jA A- ■ . , ■• 

First see how manyl (equivalent), subsets are shown. 
Second, note the fraction name that^ tells what part 
of t:h6 whole set is shaded, (one-third) - 

Developed as distances on the number line 1020 
* Ex. ' 



Fractional Numbers * 

BASIC CONCEPTS 



Divide the space from 0 to 1 into fourths and cotmt bv 
fourths. When ye write ^ which numeral tells the number 
of equal parts into which the unit .distance w^s divided? 
Which numeral tells the number of parts being considered^ 



1030 Developed from plane and solid regions . 

Ex. ~ ^ 



Into how many equal parts is the square shape divided? How 
many parts are shaded? What part of the whole is shaded? 
One of the two equal parts is shaded or one-half of the 
whole is shaded. Circular shapes, candy bars, cups and 
other familiar objects can be xised to show fractional parts 
of a whole. 

1035 ' Developed in other ways 

-) 

1040 Whole nunters as related to set of nonnegative rationals 

(fractional numbers) 
(See 3040) 

The set of nonnegative rational numbers includes the set of 
whole numbers which may be written in fraction form r; a and 
0 are whole numbers, a is a multiple of b and b is not zero. 



Ex. 8 , 

, 2. ^ 



1060 Definition: equality 

(See 3020, 3040) 



Rational numbers which have the same value are equal. 
^ ^ ^ if ad ^ bo and bd is not zero. 

Ex. The value of the fractional numbers 1 and A. is the sane 

8 16 

since 3 x 16r « 8 x 6. 



39 
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•Fractional Numbers 



BASIC CONCEPTS ' 
Counting 



Ex. 1 2 3 4 5 
8' 8' 8' 8* 8f' 

Ex. .2, .3, .4, .5, .6, 



\ 



1080 



Ordering: greater than, less than, equal' to, not equal to, between 
Equality - See 1060 



Ex. o, ^ J . 

> -^ti ad > ho 



^ < ^ if ad < be 



^ f ^ if ad ^ bo 



1 _L 

3 ^ 12 



1 11 
8 ^ 



2 4 

3 "6 



1090 



Unit fraction; law of i ^ - 

^ .(See 1421) • ' . ; * 

A unit Inaction is a fraction whose numerator is one and 
whose denominator is a positive integer. 

If a is a nonnegative^ integer, Pa ^ ^ 

Ex. 4 X i « - 

3 3 • « ' 



1095 



Trichotomy property 
(See 0101) 



J 



If - a and b are nonnegative rational numbers, then one and 
only one of the following .is true: ^ - 

a<b', a''b,b>a' 



1098 
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Fractional Numbers 

BASIC C 

1100 ' I^|nsity 



\ 

BASIC CONCEPTS <^ 



Density is a term characterizing any ordered sequence of 
elements such that between any two elements of the sequence 
another element exists. Fractional numbers have density 
' ' because between any two fractional numbers another 
fractional number exists. 

5 6 

Ex- Between ^ and — there exists another fractional 

number, such as between ^^^j^ there exists 

, - 101 ^ 

^ another -fractional number, such as 2*00* 

. Ex. Between .8- and .9 there exists another decimal number, 

/ • **.81; between .8 and .81 there exists another decimal 

number, ,807: etc/ 

' OPERATION: ADDITION - * * ' 

- Basic concepts ^ • 

HIO A. ' Addition, a binary operation 

Binary operation - See 0110 

13' 
Ex. *o + T = ? 

/ ^ E^. .45 + 2.13 = ? 

'11?0 •' B. Addition developed from union of disjoint sets 

Ex. A ^ . 



• @'®0 0 

I 

What part of the set of all the circle shapes^ is 
black? shaded? What part is marked in some way? * 
Write a number sentence to show it. 



5 + 5 = 5 



For decimal fractions use 10 shapes. 

I 



ERIC 
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Fractional Number? 



0PtlMTJC9iS: ADDITION ^ ' 
C Addition-developed frjom the number line . 
Ex. . ' ^ ' 



fl30 



J 



i 



* ^-^ / 1 ^ -A 

. 5 5 5 5 ^ 



I 



We can add fractional ninnb^ers with'.the same dendminaCors^ 
a^ wjB^,.ad4ed^ whole numl^ers.^ * * ""^ * i 

tow fehall/we movf the jumps? is the.denoit^nator . 

/of tlie suftt? can you 'find tl/e Quii|eratdt\of the sum?' ♦ 



D. Addition cjbvelAped from plane or solid r^Jipns 

•Ex. 





. 'Wb^t p^Bt of the circular' shape is red? b^ue? ' What 
I parri^'c^ored? . . . ' 7 .' 



L 



What doe^. the 4 tell lis? th6 22 How could 2 t^e found 
♦ from the numerators? Kwhy must the *4 be used' for al;L 
denoiainators? (It tails , into, how 'many ^equai pkrts ^the 
whplp is separated.) I I / | 



E. posil(^, a'propericy of additionj 
Closure - $ee 0l40* 



Ex. 4+ 4 « 1£ + -H. » :£2 . 
3 J 24 24 24 

Ex. .3 +' .5 = ,8 



25 



1140 



1150 . 





* 




* • 


• * 


• > 


ERLC- 






' 33 - a^ , . 

• / 




■ i 



\ V • " • oBERAfioNs.: miTim- ■• ' ' . • ;' 

.."1160 ; F.. ConiTiutativity, a prope,^y of addition 



/ 



".. ■ ComautaHiivItt See '0150 ■ - 

Ex- i-' l -^' 2 ; 11 ' . . • c 

3,"^'4''" Tt,3 12'- • i^ -: •, 

. Ex. ,3 + .5 « VS + ;3 --Vs " - ;• ' V 



1170 - ¥. /g5w:iativity, a j?»^p4<»li;^ of additioh 
* • ^ ' Aasocl-ativity - See Ol^LO !'' -• 



• \ 



,12 2 4 6 



12 12 " 02 



Ex. .3+ (.25 = (.3 + .25) + ,4 ' 

■ ■ / * .3 +..65 = .55 + ,4 t .95 

llSb ^ .H. Zero, the Identity element In addition 
• * Identity element - See 0170 

I 3+,0 = 0+-j« 3 . I 

Ex. .4 + 0 - 0 + .4 = .4 



Computation 

1190 A. Addition with coirtnon fraction notation, equal denominators 

(like fractions) 



erJc\ . ' 34 V 43. 



Fractional Numbers 



/ 

■OPBBAiHONSy ADDITION 



Ex.. 3 



8 + S*" 8 2 



or 



3 
8 



Ex. 3 

1 



, 4 



8°^^ 2 



Ex. 



94 

127| 

ij.. ' 
23l| or 232| 

Addition wAh common fraction notation, (jneUail denominkors . 
(unlike fractions) ' . , . n 1 

(See 7060) 

3 + 2'',Lj 



4^3 ; 7- /,1 



Ex. 12-I- 

O 



or 



r 



111 
14 





1} 




V 1 




\ / 2 
3 













/ 



1210 



Fractional Yiumbers 

dPERATIOUS: ADDITION 

C. Addition wi'th exact decimal fraction notation 

Ex.- .5 + .25 «* .75 or .50 (since .5 - .50) 
- . + .25 ' 

• ' ..75 



Ex. 



1220 



1230 



A 



.J.21 
.342 
+. .514- 



•■ .514- 



Ex. 30.7 . 
485.2 
+-1.96 
517.86 



Do not use this code with addition involving money ..^i^se 
6040 and Appropriate <;od*rvpder addition of whole n^&rs. 



to SUbL 



rets 



OPERATIONS: SUBTMCTIOH 1 
■Basic concepts 

A. Subtraction, aXlKi nary operation 

Binary operation - Se^e 0110 ^ 

B. Subtraction developed in »*lation 

Ex. 



What part of t;he set of all the circul^ 'shapes • 
is 1 circulaiL-Shape^ 4? 3r"^ 5? jShat part j 
of the shapes is shaded? Can we find 'the part | 

not shaded by subtracting? How? f - f - f • I 
Check your answer /by counting; i, i, | not shadid. 

For .decidal fractltons use 10 sltapes: 1^ - -i- « II.. 

/ 7 *^ ID ]/0 40 

or 1 T .4 '.6 I 

' /' 
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Fractional Numbers 



OPBBATIONS: SUBTMCTm * • • . . - * 
C* Subtraction developed from the fiumber line, 
Ex. " 



Count ^he parts shavm on^^^fee ninnber line. Subtract | 

from ^ as we did with- whole numbets^ 1 - 1 » 1^^ How - 

^ 'd^ 6 .(r ' 

is the numerator found? Why is the denominator 6? .(It 
' . , tplls into how many equal parts pne unit of distance 'was * 
divided in each -case.) For decimal fractions divide the 
unit distances^into 10 parts*. 

D. Subtraction developed from plane op solid regians 

,Ex. See 1140 " • ' 

E. Stibtracti on, the inverse of addition 

Inverse - See 0270\ \ ' 

Ex. Trials, 3121 
If + y a f then - i a £ or - 
2 4 4 4 4 .4 . 2 



Ekv ,IfQ+,|.31 = .56 then .56 - .3l' = Q 



■ /• 



F. Role of zero iti subtraction 



Zero is the right identity element] fdr subtraction. 



Ex. 3^ J 3 
4 - Of= 4 



Ex. . .18 - 0 ^ .18 




. / 



C.X. la ^ a 
lb - ° "^b 



1 ' 



37 



4.6- 



7- 



radjonaj Nnmbers 



Any number.. axAtMcted frcim Ijt^elf d6^..*55eto. 



Closure ' - See 0140^ 
Commutattvity -/'See pt5&/ 
Associativity - See 0160 



Ex, Non\:losijre: 

7 2 . 4 - .,4 . , 
0,5 - 0*75 « .vO;.25 




rl ■ ^ ■ ■ • ^ ^ • V . ' \ s,,. * ^ 

ax6l ^^^.25 are-^^bt members jii- the, sf^^: nornnegaVly^ 

rationaj. jju^erff* , - r ' , ^- j '\ 
Nonconjautativlty: ^ ^ > / !^ 



.J 



2 " .4'^^ 4 " 2 



. . , slnte 



' -1 . 1 



jis - .13 ^ - .25 



Eic* ' Nonas'soG^.ativl ty : 



|- 3)" 6 '^^(.S - 6 

1 1 .,.'1 1 . 
6 " 1 ^, 2 ' 6 

• * 

■ ' '"'.fV- ■ 



V 
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* F'ractional Numbers 



■d^m'lOflS; ■ SUBTMCTIOW 



i,5r .25) - .2 ^ .S - (.25 - ,.2) 
.". : .^5-- .2 .5 - .05*- 
^v" • --05 ^* .45 



A. Subtraction Wtth' commbri fraction notation, equal denominators 
(like fractions) 



1290 



Ex. 5 1 4 ^ 2'': 
6 . - 6 - 6 ^^ f 



>" 5 
6 
.-1 
7^ 6 

4"' 



F ^'^ 3 



Ex. 3 



4 



Ex. 12f 
4 

-6i 



64 62 



B. Subtraction with common fraction notation, unequal denominators ' " 1300 



(unlike fractions) 
(See 7060) . . 



Ex. 5 1 5 3 2 1 
,6 - 2 "6-6 "6 3 



5 5 
6-6 
1" 3 
- 2 




Ex...;.6i 
■ 2 

3 



g or 3 



Ex. 120^ 
12 

.17^ 



103^ 



39 



48 



fractional Nutnbers 

. ■• ^ . • 

OPERATIONS: SUBTRACTION- 

' ' ' ■ • : . , 

C. .Subtraction wi.th decimal fracitjon n'otatt9n 



Ex. .75 
- '* 375 
.375 



'Ex; . .584 
- .123 
■ . •- ."461 



nqt use this cod^ with subtractioQ inybiving money. Use 
6040 .and appropriate code under sub'traction of whole numbers. 
'' - ' • * * • 

OPERATIONS: ' MULTIPLICATION ■ ' 3^ , ■ ' • 
Basic concepts . . « • , • 

•A, Multiplication, a binary operation \ * . 

•* » - • ^ ^ 

Binary operation - See- 0110 

Ex. v2 6 . ( — I 



Ex. .3 X ,4 «Q 



B. Multiplication developed from addition of two or mor^ equal 
fractions 



Ex. 1.1^2 
3-3^3 



1 > 2 
2 X A a £ 



Ex. .3 + .3 « .6 
2 X .3 « .6 



C. Multiplication developed from arrays or sets 
Arrays - See 0360 



Ex. 



## 





o 
o 



•J X 6 



40 



49 



Fractional Numbei 



PE'RATIO^S:' 
. . Ex." 



DERATIONS: ' MULTIPLICATION 




Six of the objects. In set A are shaded.- 
f Threfe-fifths of the objects in set A> are shaded. 

■ . I X 10 » 6 
Note: One of the factors wiXl be a whole number. 

D. Multiplication developed from the number line 

• ' . ' a i 1 ;i i 6 7 a 

• 8 8 8 8 . 8' , 8 8 . ? • 
.•To find 3 X I". take 3 j.um)8 of ~ each, on the number 
lipe 3 X I » knd 3 x ^ »:|. How is the- new 
numerator found? KLnd also of 4* Where is the 



hllfway. point from^O to J? then x x 1 ^ ^ 



2 : 8 16* 

f How. is the new numerator found? the new -denominator? 

Ex. For' decimal ^rtfctibns number the points as .1, ^2, '.3, 
etc. Two jumps of .3 each Will bring the arrow to .6*. 

^ - 2 X .3 « ^6 

E. Multiplication' developed from plane and solid regions ' 



41 50 



. Fractional Numbers 

OPERATIONS': MULTIPLICATIOlf' ' 



Ex. 



* 

The shaded part iB what- part -of the lower row? 
of the first colum? ; of the whole figure? 

r 1 1 

Is ^ X ^ « -g- a true statement? ^ How is the new 
denominator found? the new numerator? 



1360 



Ex. In decimal fractions is .5 x .25 » .125 'a tifue 
statement? Is one square .125 of the whole? 

F. Closuj^e,. a- property of niuTtlplfceitfon 

Closure - See 0140 



1370 



6. Conmutativity, a property of muTti pi i caption 

Commutativity - See 0l5t) 



Ex. 2 4 4 2 8 

. 3 ^ 9 "9 3 ° 27 



Ex. .5 X .3 a .3 X .5 =». .15 



1380 



ERIC 



H. Associativity,' a property of multiplication 
Associativity - See 0160 



/2.^i\ i„|,/i,r 
3 4/8 3 V 4 8 




48 .48 



j51 



/ 



^ Fractional Numbers 

OPERATIONS: MUnriPlICATION ' '. ' ■ 

Ex* ,3 x,(.4 X ,5) (.3 X ,4) X ,5 , 
.3 X ,20 » ,12 X ,5 » ,,060 . 



^I: Distributivfty," a property of multiplication over addition 
or subtraction 

Distributivlty - See 0430 



, 2^,3„l^..l . 
3 4 3 6 



.1,-1 
2 2 



Ex, 2^ 
3 



(|^i>(!4)-(f4) 



i X i i i - i 
3 4 ° 3 6 6 



Ex. .3 X. (.4 + .5) = (.3 X .4) + (.3 x .5) 
.3 X .9 » .12 + .15 
. .27 - .27 

J. One, the identity element in multiplication ■ 
Identity - See 0170 
Ex. Ix|="|xl-| 

Ex. 1 X ,A a .4 X 1 » ,4 



Fractional Numbers 

OPERAmiONS: MULTIPLICATION 

K. Role'of zero in multiplication 

Aay number- times zero is zero. . 

^ X 0 « 0 X. ^ where b 0 . . 

. * . Ex. 2 ^ ^ 2 ^ ' .V 

3-3 • ♦ 

' * , ' * _ * 

Ex,,3x0a0x,3«0' 

t . - 

L, Multiplicative inverse (reciprocal) for any fractional nuiyter 
greater than zero 

, If the produc^'bf two numbers is 1, then each number is 
the multiplicative inverse of the other* 

The reciprocal of a number is its multiplicative inverse* 

Ex, .3x1=1. 3 is the multiplicative inverse and the 

L ' 1 

reciprocal of ^ - is the multiplicative inverse and 
the reciprocal of 3, 



M; Unit fraction property 
(See 1095) 



. Ex>. 1 1 



a b a b 



Ex. 1 1 

4 5 " 20 



Computation 

A. Multiplication with common fraction notation 



Ex. 2 1 1 
3 4 " 12 6 




I 



. Fractional Numb€|5^ 



OFEmHONSt MULTIPLICATION 



2 12 2 T> 

Ex. 6 X J - rj or 4 f of 6 — or 4 



p ,15: 15'' 5 75 ,1 
Ex. 7^ X g = — x^ = — or,6^ 



Hx. fx(74)4.7.fx|.f._|.gor6i 



..MuJt-1p41.q.^tlpR. vKi t}i decimal • fraction , natation 

Ex. 3 X .18 = .5"4 ■ 

Ex. .8 x" .3 a .24 

. , • .23 X • . 

Ex. .5 )r-r^5 = <>125 or x .5 .. , 

;> , 1^ -:i25 - • 

Ho not use this |?cpde with multiplication involving money. 
Use 60A0 and ^pfiropriate code under multiplication of 
whole numbers. 



C.r^ Multiplication by powers or multiples of ten 

Ex. 10^ X ^ » .io2 X .07 

f 

10^ is written as a power of ten. 

^ ' • » 

Ex. 30 X ^ = 21 _ 



-30 is a multiple of 10. 



300 X ^ = -21 



300 is a-multiple oj^ 10. 



■ 54 

45 
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Fractional Numbers 

OPEEATIONS: DIVISION 
Basic concepts 
/A. Division, '^a binary operation 
Binary - See DUG 



1460 



B. Division developed from successive subtraction. of two or more 
equal fractional numbers 



Ex. 3 1 I — I, 



3 . 1 • 2 

4 ^ 4 

2- 1 1 

4 ~ 4 ° 4 



— 1 ■ o 

Three -rt^hs can be subtracted from v with no remainder, 
4 -4 



^ X 1 
^ • 4 



3. 



Ex. '.2). 8 

- A 
.6 

- 

, .4 

- -il 
.2 

- 

. 0 



' 4 
.2). 8 

.8 T .2 



1470 



C. Division developed from the number line 

Ex. 




ERIC 



55 ^« 



\ ■ 



/ 

, Fractional Njimbers 



OVEmpm.: DIVISION 

8*8' 
What Is 



How manyifl- are there lii ^1 



Does Y name the 



Ex. , 5 . _j2_ ID ^ 
' , 8 ' 1^" 16- ' 



may lead 



Ex. 



• > . 



t. Division, th^ inverse of niulti plication witb f/actionil • 
numbers. \ • . / 

'lx.'>3^"l 6 
8 ' 2 " 8 




t 3I may b^-' 
D. Divi&n developed frhp planfe^ and soli 



How; many fbvftl/s. are »there in i wMle f: 



flow is 2. related to Write a ritil^iplication, sentence 
for 5 T Does the multiplication sentence solve .the 
division sentence? \ ^ 



FractiortsTfiumbers. 

OFERATIOnS: 'DIVISION , ■ ■ - 

F. Closure, a. .property of di vis ii)n' 

Closure - See 0140 



G. Bole of one in division 

One is the right hand i 



fix. 1 = ^ 



Ex. -.8 T I'a .8 



[entity el^nt for division 



Any number divided by itself isfene. (Note exceptiotf, 



see 1520.) 



Ex. f,f=l 




Ex. .6 T .6 a 1 

■ I i 

H. Zero nbt a divisor 

(Se;^ 0590) 

4 

f 

' ' 2 ' / * 

' - Could -J be divided by 0? No. 

There is no number times 0 which will equal 

t " I 

I. Nonconimutativity,.'nonassociafivity of division 

Commutatlvlty - See 0150 
Associativity - See 0160 

Ex. Non commutatlvlty. ;2 . 1 , 1 2 

9 * 3 .'^ 3 ' 9 ^ 



2,3 
3 2 



5'? 48 



1^0. 



Fractional Numbers 



OPERATIOn^: DIVISIOS 

fyHf Nonassociatlvity 



3*2'^9*3w 

i 2 2 3 . 

3 1 9 2 

3^3' 



Conlputation 

I 

A. Division wl/th coimon 

*. ■ ' 

Ex. 2' 1" 



/ 



ion 



3 3 9 .• 



r 2 ^ 1 _ 2 



'therefoj'e I * 



2 32 212^9 
J X I - - and therefore - * i - |. x ^ - | 

3 



B. pi vision with decimal fraction notation 
Ex. .5 * .25 - Q if Q X .25 - .5 



I 



•1' 
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Fractional Numbers 

OPERATIONS: DIVISION 



2 X .125 = .5 

■\ 

therefore .5 v .25 = 2 

2^ 

or ,.25). 50 

Check: 2 X .25 « .50 



Ex. 



30vl 



.35)10.535 . ' • • *■ 

Check: .35 x 30.1 = 10.535 

Do not use this code with division involving money. Use 
6040 and appropriate code used under division of whole 
numbers . 



C. Division by powers or multiples of ten ' 

i , , 

.563 V JqP = .563 T 100 « .00563 



1000 



2000 



'I 



OPERApONS 

Sequ^/itial opera t/ons 

This codiij/g jshould be used when two or more sequeijtia/l oper 
ations are indicated in operational fbrmat. 



4 \3 6; 4 V3' '1 



r 



y X 4 - 3 
4 



Ex. .2 X (.12 i .3) =■ .2 X .4 - .08 



1 



Fractional Numbers 

dPBSATlQNS\ 

Several operations In the same lesson 

Note; If one or two operations predominate, do not use \ 
^ this code. Code the operations • ^ . 



More tKan two properties 



Note: If one or two properties predominate, do not use 
this code. Code the properties, 

\ 



51. 
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TOPIC I: 

Number Systems 

Integers * , 



BASIC CONCEPTS ' 

DefiniUon: set of integers 



All pf the numbers 0, ^1, ±2, ±3, form the set of 
integers • 

The set that contains every natural number, its additive 
inverse and zero is the -set , of integer^. 



Developed from the number line 



-3 -2 -1 



/ 



Developed from physical world situations 

Ex* A thermometer uses a number line in vertical position. 
Show 10 degrees below .zero on the it^raber line. This 
. ' is often written as "10*". What does "20** mean?' '^'AO'*? 

V 

Gaii)6s like shuf fleboard and monopoly use negative inte- 
gers to indicat^ thcTplayer "bwes" a score or play money 
.A disk may, land-'on 10 OFF ("10). or a player may be in 
debt $20 (-20). ^ 



Ordering: greater than; less* than; eqUal to or not equal to; 
between 



When the number line 
numeral to the right 
^greater number. Is S ^ 

Does "4 lie to the _ ^ ^„ 

represented by ~5 < %ne nxjmbeT represented by ""4? (Yes). 
What integer lies betyefen/~6 and "8? 



tn jdi horizontal position each 

Jther numer^^l represefnts a 
/4?/ (Yes). IsN^ > -4? (No). 
oiE ""S? (Yes). the number 



BASIC CONCEITS ■. . r ' ' , 
Directed numbers: absolute value 



Int^ers 



Directed nimbers are also called positive and negative 
nunbers. 

Ex* On a horizontal number' line positive ninnljers are, 
usually indicated to tl^e right of zexo4 Then neg-* 
ative numbetrs are indicated to tb^ left, Of zero. ' 
When the positive direction is dete'rmined on a[ 
vertical or slanted nuniber line thfe negative direc- 

K tion will be opposite--to it. Zero is the point 
' from which other number points are established and 
is considered to be neither^ positive noi? negative. 

The absolute value of a positive number is th?it 
' ' nuiiib^r. Notation j+S] » +3. 

The absolute value -of a negative number is it^ 
additive inverse.. Notation |"3l « +3. 

't^e 'absolute value of both ^^2 and +1 is +2. 

On a nun^ex- line' the absolute vdlue of a number is 
-showit by its /distance froiiv'zero without regard to 
the direction. , * 



OPERATmS: ADDITION ' , ^ • ... 
Basic concepts . \ 

A. AddHi oh, a binary aeration 

Binary - See 0110 

B. Addition developed from number line 

Ex; 



+4 



-3 



-4 -3 -2 -1 0 +1 +2 +3 +4 
-3 + i+i) f +1 ~ 



f 



r 



2055 



2060 



2070 



2080 



-1 



integers 

OPEMTIOm: JWDITION 



-3 



+2 



73 -2 -1 0 +1 +2 +3 
+2 + (-3) ^ -1 



C. Addition developed from physical world situations 

Ex. If .the thermometer shows "10® and tlen rises 15®, what 
Irf^lEHfe^. temperature? -10 + (+15) » f5. The temperature 
Xis +5® A \ 

Ex. If you owe $5 aiid. pay $3 what Is your financial 
standing? ^5+ rS) = "2 (still owe $2). 

Ex. If a submarine is 50 feet loelow the surface and then 

^go^s'^wn 20 ^^et, what is its position? 
' v5b + (-20) » -70 (70 feet below sep level). 
/ w " . 

D. Closure, a property of addition 

Closure - See 0140 f ^ 

. E. Comnutativity, a property of addition^ . 
Cotamutatlvity - See 0150 
Ex. -3 + (+4) = +4 .+ (-3) 

4 

F. Assbciatiyity, a propertj* o^-^dition . ^ 

Associ^ativity - See 0160 / ' , 

Ex.'* r3.+.+4) .+ (-2) - -3 + (+4 + -2) 

y ' ' ' X " 
' - ' . +1 + (-2) - -3 + (+2) 

-1 » -1 



ERIC ' i 
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OPERATIONS: ADDITION * ' " * 

G. Zero, the identity element in addition- 

,% -» 

Identity - See 0170 

Ex. ' "6 + 0 = 0 + r6) = "6 . ' ' 

+6 + 0 = 0+ (+6) = +6 •. •• ' - 

i 

H, Additive inverse 

. The additive inverse of any ntanber is a second ntanber which 
if added to the first ntanber gives the sum of zero. For 
each integer a the additive inverse is ^a. 

Ex. +3 + ("3) =0 

+ (+4) = 0 

Computation 

See 20^ 

Ex. +3 + (+8) = +11 
+3 + (-8) = -5 

• • • 

-3 + (+8) = +5 
\ -3 (-8) « -11 



Do you see any pattern for these sums? 

OPERATIONS; SUBTRACTION 
Basic concepts 

A, Subtraction, a binary operation 

Binary - See 0110 

B. Subtraction developed from number. 1i"ne 




'55 M 



J. 



^Inte^ers 

GBEEJ^IO^S: SUBTRACTION 



X 



\ 



Ex. +2 - (+3) = -1 




-3 -2 -1 0 n +2 +3 



Ex. +2 - (-3) = +5 



-3 -2 -1 0 +1 +2' +3 +4 +5 - 



Subtracting k positive 3 the nuniber line was 
»hown by movement to the left ^o subtracting a 'f^' 
negative '3 must be shown by movement to bhe right 
of the positive 2. . • 

A second expp.anation is possible whdn subtraction 
is considered as finding the difference between two 
numbers, or on the number line as fiftd^.ng distance 
between two number points. 



Ex. 8-3 



i ^. 8-3 



P 1'2.3 4 5 6 7 8' 



To' find the difference between 3^ and 8 on the number 
-line we may ask, "How' far is it (from 3 to 8?" or 
think 8 - 3'« 5. We may think it is 5 steps in. 
the positive direction from 3 to 8. 



integers 



OPEimiONS: SUBTRACTTON 



\ 



Ex. +2 - (-$) » W 

8 st^ 



♦ -6 . ■ 0+1+2 +3 



To find d?fe distance from "6, the known addend, Co 

2, ffie^tnn, move 8, steps from "6 to '^l in the pos- 
itive difectioh showing the difference to be %. 

! ! ^ - 

Note: The distance 5nd the direction are found in going 
from the known addend (subtrahend) to the sum ' 
' (minuend) . » 

^C* Subtraction developed from physical wofld situations / 

!• Ex. " If you had $7 and bought soipething for $10 ybJ laust 
' subtract 10 from 7 to *find your financial standing. 
Your standing is +7 - (+10) « "3 or' you w^.ll^e $3 ' 
in debt. ' * . 

'fee.' If you owed $5 and subtracted" $2' of that debt, what'* 
, %^ your financial standing? Taking away a "-debt is 
equiyalent to adding the mon^y so you" may think 
. "5 - ("2). « -5 + (+2) « "3. you stlir owe^ $3. 

» % 

D. Subtraction, the inverse of addition 

Inverse - Sese 0270 ' ' 

fix., +5 - (-2) = +7 because -t- '("2) « +5 

Ex. "5 - (+2) = ~7 bec'ause "1 + (+2) =-"5 ^' 

' ' ( • ' - ■ 

E. Role; of zero in subtraction . - 

Zero is 'the right identity element for subtraction.! *" 

i • ^ • ' 

fix. "3 - 0 » "3 , 
' +4 - 0 - +4 

i 



f 
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Integers . / \ . , ^ . 

OPERAiriONS: \SUBTMCTION ' , • 

• ' V 

y number subtracted from itself SjLs zero. 
• Ex. '3 - (-3) =0 
. n - n = 0 

Any ntnaber subtracted from zero results in the additive 
inverse of that number. 

Ex. 0 - (+3) = -3 . i ... 

0 - (-3).= +3 jt ' > ' '/ 

F. ClosureJ a property of subtraction 

Closure - See 0140 

G. - NoncomtnutatTVity, nonassociativity of subtraction 

Commutatiyity - See 0150 ' " - 

Associat^ity - See 0160 

Ex. Noncommutativity 

-2 - (-5) t -5 - (-2) • ■ 

+3 -3 

c? 

Ex. » Nonassociativity 

(+3 - -2) -+5^+3- (-2 - +5) 
' ; • +5 - (+5) ^ +3- (-7) 

- • 0 ?tf+10 

Computati on 

.Ex. '-3 - (+4) = -7 



Think "How far is it from +4 to -3 and in what 
direction?"; or think "3 - C*'4) is equivalent 
to "3 + ("4) « "7. 



67" 
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OPERATIONS: SUBTRACTION 

" : Ex. :3 - (+4) = -7 

I , -3''- (-4) = +1 

+3 (+4) = -1 

. ■ +3 - (-4) = +7 

0?ERATldNS: MULTIPLICATION 
Basic cohcepts 

-A. MultiplicatioR-, a binapy'Tjps^ation 
Binary - See 0110 



1. 



B. Multiplice^tion developed f^m number line 



Integers 



-4 -3 -2 -1 0 +1 +2 +3 +4 
+2 X +2 = +4 (already known) . ^ . 

■^2 }< C2) « "4 (drawn on the number line) 
-2 X (+2) » ~4 (5®^ 2200, multiplication is commutative) 



Ex. 



-3 -2 -1 0 +1^+2 +3 +4 

"2 X (-2) must be drawn in a direction opposite to 
^2 X (-2) and eqtialg +4. • . 

> 

a Multiplication developed from physical world situations 

eL If you have, 2 x $4 what I3 your financial standing? 
+2 X (+4) = +8. You have $0. 



68 
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Integers • 

OPEEATIONS: MULTIPLICATION 



Ex. If you spend $4 each week and receive no additional 

^ funds \?hat is yoar: financial standing after two weeks 

V have passfe'd? +2 x (-4) = -qI yom will have $8 less 

^ than you have now. ' 



Ex. If you spend $4 each week wh^t 
standing two weeks ago? '"2 
$8 more two weeks ago tl\an y^ou 
received no additional funds. 

■ .. ■• ' \ ■ 

D. -Closure, a. property of multiplication 
Closure - See 0140 ^ 



1 

was your financial, 
-4> = +8. You had* 
have now if you 



E. Commutativity,^ a property of multiplication 

Commutativity - See 0150 | 

Ex^ (-3)^ X (+8) = (+8) X (-3) 

^ \ 

F. Associxitivity, a property of multiplication 

. Associativity - See 0160 ' 
Ex;'- ra X +2) X +5 = -3 x'(+2 x +5) 
^ ^ "6 X +5 = -3 X +10 

"30 = "30 



G. Orie, the identity element, in multiplication 
Identity element ^ See 0170 
Ex. ■'"l X ~5 « "5 -^x +1 = ""5 

+1 X +5 = +5 '^-t^ = +5 / 



' Multiblying. by ^1 leaves the number (^S" or "5) 
unchfl^nged. /V 



Veo 



OPERATIONS: MULTIBLIt4TI0N 

Dlstri 
subtra 



Integer*-^ 



multi plication over addition or 



H. Distributiyity, a property of 
<;iihtra9tt(in • ^ 

\ /f 

Ex. Rewrite the exampjle to inake the work easier, and then, ^ 
find the correct |epla)c6i|ient for N. 

(48 X -25)\ X 52) ^ N 



'25 X (48 



Computation . 

Ex. +2 



+ 52) » 72500 > 



A 



X J"5 +5 I* X -5 

■^"ijS^ -10 , / 



"10 



What pattern, doi you see for th^se products? 



'operations] DTVif^ION 

A. Division, a' binary operatiolrf "'^ 
Binary - See ailO ' / ' / 




- B. division developed from number Vine - ' 

Ex* . -"^ ' ^ • • r*> . • <•» 

-4 -3 -2 -1^ 0' '. " 



/ 



If thfe space f rom' 0 tar "4 is divided by^2, wh^t point 



is determined? » 72. 'Then must determine paint ^ 
^ Check both./exll^les by mulfiplying. 

icaf^ 



-4. 



C. Division developed^f rom physicarworlti situations.' 



Int^ers 

OPEEATIONS: DIVISION 



I 



Ex. The temperature fell from "4 to "12 degrees in 2 hours. 
What was" the average change per htmr? 

• ■ ■ ;f=-4/ ■ 

Ex. The temperature rose from :'"8 to -2 in :k hours. The 
temperature rose 6 degrees in 3 hours of\ 



0. 



3- or 2 degrees per hour. 

Ex. / The /temperature is zero (6"^) now. Two hours ago ("2) 
/ it. was 8 degrees below zero (-8).. What was the average 
change per hour? , ' . . 



Division, the inverse of multiplication 



Ex. 



^ = ."^5 because "^S^ 'x "2 = "10 



"10 



= 5 because 5/ x +2 = "10 



lement fo> division. 




itself is +1. (Note .exception, 



7^2 



ERIC 



Integers 



OPERATIONS: DIVISION 



F- Noh£losure, noncinmutativfty, nonassociativity of divisiOD 



2260 



Closure * - See 0140 
Commutativlty - See 0150^ 
Associativity - See 0160 



Ex* Nonclosure 



"3 "^2 o ^ (not ^n/ integer) 

Ex . Noncommut at ivi t y 
"8 T +2^^ +2 ir -8 

Ex. Nonassociativity 

(-8 r +4) ^ +2 -8 T (+4 +2) 
-2 * +2 5« "8 T +2 
' -1 -4 



Computation 



Ex. '-12 

• T 

~fL2 
+12 



Do yot 



3 . Check "3 x +4 a -12 
t3 ' Check +3 x -4 = -12 
3 iCheck "3 x -4 =^12 



■3 Check +3. X +4 = +12 



isee any pattern for these factors? 



/ 
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/ Integers / 

' OPERATIONS . I 

Several operations in the same lessoi 

Note: " If one or two operation^ pi^edominate, do 
this code. Code the operations. 



not usiie 



2320 



More than two properties 

Npte: If one or two properties /predominate, do 
*-*iis code. Code the propertl/es, 



not use 
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TOPIC I: 
Number Systems 

„ Rational Numbers 



BASIC CONCEPTS ^ . 

Definition of a set of rationals / f • 

Rational numbers are numbers which ^an be ^expressed as a 
ratio of two integers, ^, where b cannot be 0. When either 
a^or b is negative the number | is a negative rational. 

" 4 > -"4 Both fractions may be written as -f. 

»■ *f * 

Developed from nunter line ' . • 

Ex. 

/ -1 ? "2 -1 n +i ^ +3 ^, +5 +6 ' 



Absolute value 

(see 2040) 



4 T 0 4^4 T +1 T T 



Ex. 



2 
3 



E3(^ |+1.43| « 1.43' 

Orderirig ^ 
XSee 2030)- ' 

Ex.\ Graph the following rational numbers on a number line: 

\ \ 
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Rational Numbers 

BASIC CONCEPTS 



\ 1 — : 1 — H 



♦ 2 , ^ . 2 ^ 



Ex. Which frac(:ion names thp greater number, y or ~i 

'~A _ "20 • '1 "21 . ' ■ 
7" 35 5 = 35 

* 

"20 "21 -4 -3 
since —>_->,_ 

Ex. Order the nmabers named: — , i. i. i 

3' 5' 4* 3' 6' 2 

Answer: |<i<i<J<^<f 



Properties - . ' • 

This code should be use'j^ for all properties of the set of 
rational numbers. This includes closure, commutativity , 
associativity, etc. ' 

COMPUTATION ' ' - 

Addition 

-*4 -3 ' 

Ex. ^ Find the sum of j and j. 

' 1 3 

Ex. Find tj(he sum and express in lowest terms: "ISj + ■^2'| 
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Raffonal NumWs. 




COMPVTATIOH • ■ \> 

Subtraction 

■* » , 

" Ex, Find the difference: ~3| - +^ 
fix. Find the difference: +il -^i 



Hultiyii cation 

Ex. Multiply: i'^l ^ (3^) 



. ■ Ex." Multiply: -2113 1.7 

Division ' ' - ' 



Ex." Divide :i ("14) ? ( ~) 



"4 2 
Divide: ^'^ y 



Sequential operations' . * 

Ex. ■( M A) -X ("1) Answer:; 6' 
Ex. (-10.0956 T -4.7) f <9.4) Answer: 5.37 



Several operations in the same lesson 

Note: If one or two operations predominate, do not use 
thia code. Code the operations. 

V " . ' > , 



V 



k 
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TOPIp I: Number Systems 

Natgral Numbers 
Counting Numbers/ 



Definition for a ^et of natural - numbers 

The set of natural numbers is sjiown aa N = {1, 2, 3, 

Rel-ation to set of whole numbers , ironnegsltive rationals, integers, 
negative rationals 

' /V.= '{1, 2, 3, •••} set of/natural numbers 
W= {0, 1, 2, •••} set of whole .numbers 



I = {•••, -2, -1, 0, +y +2, +3, ••• 



} 



• Nonnegative rationals are such fractions as 
1 1.3 '-12 6 >0 ^. 
4' 2' a' 5 \6' 9' 

Negative rationals ar6 such fractions as 
. T 10 - 2^: -6 
3 ' 5.^ 6* 



The set of natural numbers and the set of whole numbers are 
subsets of the set of integers. 

The set of nonnegative rational numbers and the set of 

ve rational numbers arfe subsets of the set of rational 




nal nymbers are' a subset of the set of real numbers. 
The'^'re©! numbers are a subset of the set of complex numbers. 

V -• - ■ 
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TOPIC I: 

Number Systerrjs 



Read Numbers 



• . BA^'lC CONCEPTS ■ ' 

^750 , ' Irrational jiumbers developed as nonrepeating decimals 

. • A nonterminating, nonrepeating deciinal represents an 

irrational n^ffiierr — The-^xtperal may .or' may not have' a 
systematic pattern. , 

t ... Ex. 1) 0 .'101001000100001. 

2)0.123456789101112.. 



ten eleven ' twelve 



3) ^ « 1.41428r- ' 

Exiles 1 an3 2 have systematic patterns, exainple 
does not. 



2760 • Rational approximations 

(See 2870) 



Ex. v/2 is between 1 ai^^ 2 

is between 1.4 and 1.5 

is between 1.41 and r.42 , 

is between 9* and 10 ' 

Ex. Using a table of square roots, find a decimal 
approxinlation to 

Ex. TT » 3;14 or ^ ^ 



erIc ■ "'"79. 



Real Numters . 



BASIC CONCERTS 



The Pythagorean tlieorem; construction of line segmeVits with 
irrational nunibers as their lengths " 
(See 5320, 7155) 



Ex. An isosrceles right triangle with legs'-of unit length, 
has a hypotenuse equal to )/2'. * 




2770 



Ex. Construct a line segment to represent |»^. 




r 




Since l^ + 2^«l + 4 = 5 



Density 



(See 1100) 



2780. 



The set of real numbers is dense: Thai is, between any two 
real ^limbers there. is** always another ^eal humber. 

E^. Given any two r6al numbers, q 6> a < &, the real 

number SjtA is such that a < SJtA < h. 

2 2 ^ . 

1 



The number line} completeness 



< f 

There is a„on^-to-one correspondence between the set a£ real 
numbers and the ^et. of .points on the number line; i?e3v^ 
there is^ exactly one ^ real number correspon4in2 to any given 
point oh th^ number line,, and ev6ry ,real numb^ter is a coordi- 
nate of some poinf on the n'umber line. Because of this one- 
to-one correspondence, we s«y that the set of reai, numbers 
is complete* ^ . 



1' 
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Real Numbers 

BASIC CONCEPTS 
OtheV properties 

Ex. For positive numbers a and by 

IT' 

« 

Special irrational numbers: tt, e 

If o is the circmnference and d the diqmeter of a circle 
then the ratio ^ is the same for all circles. This special 
number is <:alied tt (pi), tt is-^ irrational ninnber. 

Rational ozmbera' often usfe*d ks approximations to ir are 
\. 3.1416, 3.-r42,^3.14,'^. ' - ^: * 

; TT is the only special irrational number likely to be 
*i encountered in textbooks for ^radea»K-8^ , Another special 
I IrratioA^:), number is e which is- approximately 2.718. It 
' ' ' is^ the bas^ of the system of natural logarithms. 

♦ 

coHputatiod . ■ . 

i . \ 

Addi ti on 

* . Ex. (3 + + rs + ^) = -2 + 2 ^ 



Subtyactidn ^- «' 

Ex( (3 + - (5 - /2) = -2 -+ 2 >^ 



Multiplication/ 



Ex. (3 + V2) (2^,- .^)>=6-3;^+2.^-^" 




I 

7 



J 




Real Numbers 



/ 

COMPUTATION 



Division 



„ o . ^ 3 . 3v^ 
Ex. 3 W2 = . = 



Powers and roots 

(See 2760 , 0700) - r 

Ex. Find }/91 to the tenths place. Answer: 9.5 

Ex. Find an approximatfon to the nearest hundredth of 
/623. Answer: 24.96 

Use this code when computing roots. If the relationship 
between rational and irrational/numbers is being stressed 
code 2760. ' 



Sequential operations 



*4 % 




J 



TOPIC h; 
Num^Der Systems 

Complex Numbers 

■ 7 



2910 



2920 



f 



"Developnient 



ComplexJ" numbers are numbers of the forms a + H where, a 
b ^re real numbers and t' has the property that ^ 
are often written as an, ordered pair (a, &)• 



Computati on 

Ex. (3 + 2t) + (7 - 10 + i ' 

; Ex. (3 +' 2i) (5 + H) = 15 + 2Zi + 8i2 

= 15 +' 22i - 8 ' 
• . = 7 + 22i . 



and 
They 



/ 



\ 



N. 



\ 
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Difference between nurflber and numeral 



TOPIC II 

"Numeration and Notation 

\ ■ ' 



7 



A.number is the property shared by k collectioa of matched 
sets, as 2 is the cardinal number of the s0ts Xt;^} and 
{Ay B}. Numerals are tie nafaes fori numbers: 5, ^1007 ""^O 



etc. 'A number is an idea, Ifi abstract and cannot be* written 
or seen^ A numeral is A symbol fot the number, is concrete 
and can be written an^ifeeh. ! j 



Different numerals fpr the s^me numbLr (renting) 



A. Expanded notation for who 
' (See 0200, 0210, 0227, 



) 



)e nuiTiHers 

0229, p^O, Zm, 3080) 

Expanded notation is ntjtatlrajjasing r|xanerals showing the 
place value of each digit. 

Ex. 874 = 80)0^70 + 4 
87^= <§ himdrejs +17 
Polynomial form 



(8 X 100) + (7 
(8 X 102)1^(7 k iQl) +-XA ^ lOOj 



B. Expanded notation for niinnegative rationA4s (fractions) ' 
^x.' 3| - 3 + I • ' 





.-35 = .3,+ .05 



10 ^ 100 \ 

\ 



, i 
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3010 



3015 



Numeration and Notation 



.35 = [(3 



+ (5 X - 



56.63.= 50 + 6 + + .03 



56.63 = [{5 X 10) + (6 X 1) + (6 X JL) + (3 



^. Equivalent coninon fraction notation 
, (See 1060) 



Ex. 



i 2 (T^ 4, 5 6 7. 8 
4 ,.4 '^4 4 4 4 4 4 



r 2^ 4 6 8 9 
. 8 8 8 8 8 8 8 



r 



1 



16 16 16 




The fr^^ion (numeral) ^ may be renamed as 
i may -be renamed as |,. |, |, A,, etc. 




One 



bVr fin a iri^ as A, |, etc, 
- 4 8 16 - ■ 




D. Equivalent mixed numeral notation 



IT i3 7 ,1 13 14 .2 
Ex. . 1^ = 43 = 3. - = 43 



n/ 




4 

/ 

/ 

/ 

/ 
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. Numeration and Notation 
E. Equivalent decimal- fraption notation with terminating decimals 3030 

A terminating decimal has a finite number oT digits. 



Ex. .75 = I 
4 



1 = -375 =^ 
8 1000 



3| = 3.5 



Equivalent decimal notation mVn repeating decimals 3033 

A repeating decimal numeral has an initial pattern of digits 
followed by a continuous repetition of a single digit or a 
pattern of digits. ^ 

1 5 1 >* 

Ex. g- = .1666-.. . = -4166- •• . y= .142857142857- • • . • * 



h G." Equivalent per cent notation^ 

(See' 8004) 



-Ex. 25% = .25 = j§ = 



Ex. g = .375 = 37fi: 



Ex. 2.5 = 22 = 250% 



H-^ Other names for- a number A 
(See 1040, 1Q60) V 



Ose this code largely for other names for natural numbers , 
whole numbers or integers. Use 3020, 3025, 3030, 3033 and 
3035 for other names for rational numbers. 

Use when not classifi'fed in 3010-3035. 
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'3040 
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Numeration and Notation 



V 



If the purpose of the leMOQ is the developaent of basic 

facts ^ do not code 3040. 

Ex. Some other naa&s for 6 «re: * 

2x3 12 * 2 . 

r 

2+4 1+1+4 
7-1 of 12 

Plaqe value in base ten 

•A, Reading and/or writing numerals 

Ex, Have the children write the numeral in the air> then 
trace the dotted nuaetal in the book. 

B. One di^t numerals 
. (See D020, 0^0) 

Ex. "What Is the largest nuaber (base ten) that caa b« 
expressed with a one digit numeral?" » 



C, Two digit numerals 
(See 0035, 3010) 

'A 

Ex.^ 12 means 1 ten and 2 ones. 



Use code 3070 when place value is being eaphasitad. 




re digit numerals 
e 3010) 



Ex. 103 means 1 htmdred, no tens, and 3 ones. 

Use/ code 3080 when^place value is being eophasiMd. 

E. Commas to sepiyate into periods 
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Ex. 



(0 

c 
o 



1 



CO 

o 

4J 



o 

CO 

CO 0) 

*^ s 

•H O 



r 



Numeration and Notation 



3, 210, 000 



F. Rounding numbers 
(See 8150) ^ 



3100 



Ex. • 37 roxmded to the nearest 10 is 40. 
673 roxmded to the nearest 100 is 700. 
428 roxmded to the nearest 100 is 400. ' 

35 may be roxmded to the Nearest 10 as 30 or 40. The 
text used will determine the policy. * 



6. Decima,! fractions 



3110 



Decimal fractions may/be considered another way of naming 
rational numbers which in fraction form have some power of 
10 as a denominator/ 



Ex. 



7_ 
10 



.7 



23 
1000 



= .023 



Ex. 



•12 3 



4 5 6 7 8' 



etc. 



CO 

Q) 
U 



(0 
C 
Q) 
4J 



(0 
0) 

s 



CO 

c 

0) 
U 



CO CO 

^3 CO 
4J 



CO 

u 
•a 
c 

CO 

o 
c 

0) 



CO 



CO 
O 

0) 



etc. 



ERIC 



3120 



Numeration ane Notation 



H. Exponential notation • 

(See 0520, 0670, 0700) * 

Exponential notation is notation using numerals which have 
exponents, small numerals written to the ^right Aad above 
a base ^itWeral. An exponent may be either positive or 
• negative. It may be a fraction or zero. 

Ex.. 874 = (8 X 102) + (7 ^ j^qI^ ^ ^ j^qQ) 



Ex. 
Ex. 



3'* = 



,(8 X 10 X 10) + (7 X 10) + (4 X 1) 
3x3x3x3 



_1_ 
32 



1 



4 



2 2 2 2 

Also code such examples as (j) = J J* 

Use code 3120 when notation of exponents is developed. 
Operation^ with expo nential notaLloa are c odgd~05-2&~ 
0670. 



3130 



I. Scientific notation , ' " 

Scientific notation is of the forp 2.69 x iQ^. For any 
' /^lumeral the decimal point is placed imnfediately to the 
right of ^the first nonzero digit and the number is then 
multiplied by the integral power of 10 that would have 
the effect of shifting the decimal point to its original 
^position. 

23^ is written in scientific notation as 2.5 x lO^ 




Ex\ 236 = 2.36 X io2 ' 

0083^ = -2.36 X lO""* 



3140 



Historical development of number concepts 

In primitive times man may have noted the number of animals 
he killed by dropping a stone on a pile or making a mark for 
each on a rock realizing that he had^re than one animal and 



ERIC 
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Numeration and Notation 

later realizing that he needed .names for this counting. 
(See any Jiistory/of mathematics t^xt for detailed ' 
developinent. ) 

Historical systems of notation 
(See 3160); 

A. Egyptian . 

Ex. 6) in Egyptian symbols means 100 in Hindu^Arabic symbols, 

B. Roman 

Ex. XV in Roman numerals means 15 in jiindu-Arabic symbols. 

C- Other J \^ , ^ 

This includes Babylonian, Mayan, Greel<| systems 

Ex. /// oft?h markjfed on the rocks or sand means 3 in Hindu- 
Aratic symbols 

Nondecimal pla<^ value/systems (other number bases) 
(See 3150)^/ 

A. Development of place value—other number baises 

Nondecimal place val^iemA systems are' built on bases 

other than 10 but sflll vke place valued 



13 (bas/ i 
(4 X 5^2.) + (1 X 5^) +'(3 X 5°). 



Ex. 4X3 or 413 (bas/ five) means 



Ex. ^13^^^^^ or 413 (base eight) means 
(4 X 8^) +'(1 X 8^) +^(3 X 8°). 

Ex* 413 in any base five or larger means 
4 X base^ + 1 X base^ + 3 x base^. 

Note: Since 4 :^s used in the numeral the base must be 
i at least as large as five. 



•OS. \ 

\ 81 ^ - 



/ 
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Numeration and Notation 

B; Expanded notation 

Ex« Write the coinpact base-seven numeral for 

(1 X 7^*) + (6 X 73) + (4 X 7^) + (3 X 7) + 2 , 



Answer: 16432 



seven 



3164 



Ex. Write a base-seven name f6r 6 sets of seven and 4 



Answer: 64 



seven 



Ex, 53 = 40 +13 

seyen seven aevet 




C.^^Jl^nversioh 

Ex. Write the base-ten numeral 



for 312 



= 3 *L6) + 4 + 2 

= '48 + '4 + 2 
= 54 



fouv 



Ex. - Write 54 in ba&e four 

• 4)54 

4)13 ■ R2 
3 Rl 



54 = 312 



'f0142> 



Ex. WritQ 3075 in base eight 

' 8^ = 8 
82 = 64 / 
8^ = 512 / 



8'* = 4096^ 
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Numeration and Notation 



512)3075(6 



3072 


64) 


3(0 


-5) 


P 

3(0 




0 


1) 


3(3 




3 



3075 « 6003 • , ^ 



D* Computation 

Base seven 



3168 



41 
+ 24 
.65 



6 

X 5 
4Z 



Computations •-are , sometimes done by working with or without 
a table. Sometimes the problem is converted to base ten and 
. the answer converted to the required base. 



Fracti ons 



* " ' 2 3 2 ^ 

Ex. In base ten .23 represents Yn + Tn2 = TK + 



10 " 10^ 10 ^ 100* 



3171 



' 2 ■ 3 2 3 
Ex. In base four .23 represents "4 + "^2^ + "Jg. 
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TOPIC ill 

Sets 



Description of sets 



A set is a well-defined collection; that is, one is able 
. to tell whether att object is a distinct member of tWset. 

A set is visually indicated by braces {xk} or closed cux^s 



® \ 



XX 



Ex. Physical objects - a set of dishes 

a set of domlndes 

Abstract - the set of whole numbers 




Set members or elements 

Members j each object in the set (collection) is a member 
or element of the set. 



Ex. The 



{O O ^ ^ I , ij- has 4 members or 



elements. 



Thd square, circle, triangle, rectangle are elemehts of 
^ thi set. r 

In the set {6, 7, 8, 9} each number is a member of^an 
element of the set. 

UmS OF SETS I ; . • 

Equivalent sets (one-to-one correspondence) 
(See 0050, 0060, 0100) ^ • 

Equivalent sets have fhe same number of members' but not 
, necessarily the identical members. Mfembers of equivalent 
^sets can b^ paired in one-to-one correspondence. 



84 93 



Ex. 



Sets 



A..{y * O) 



t t 



B-{n o 



A and B ar^ equivalent sets since each, has 3 jelements 

sittce ^e elements can be .shown in one-to- 
correspoiijience . 



one 



\ 



Non-equivalent sets, (generjal) 
(See 0100) 



Non-equivalent sets ^do not have^.the same number of members 
and cannot be paired in one-to-one correspondence • 



equivalent sets. 
Non-equivalent sets (one-to-many .correspondence) 



Ex. If one nickel will^buy 3 pieces of candy, then two 
' nickels will buy 6 pieces* of candy, etc. 



{dAb dAa ddb}' 



If the drawing one element from the set of nickels is 
matched with three elements from the set of pieces of 
candy . 



4030 



4035 



Equal sets (identical) ^ - ' 

Equal sets hive exactly the same memb^irs.- They will then 
have the. same number of members and a re therefore also 
equivalent. ^ , 

are equal setsf 

since the members or elements an: identical though 
not shown in the same order. 
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Sets 
^Unequal sets 



Unequal sets do not have identical members or elements 
tliough they may have the same number of elements in 
which case they are equivalent sets, 

Ex. See 4010 



Q)' ^ "j- and^<(|^ / I (3} are unequal since * 
elements are not identical. 

{1,2,3,4,5} and {12,3,4,5} a^e unequal. 



Subsets 



(See 0250, 0540) . ^ . 

If each member of set B is a member of a se.t we say tjhat 
B is a subset of A. - " ' 

Ex. A = Set of all pupil^^, boys aiid girls, in the room 

B = Set of all hoys in- the roim 
f 

B is a subset of A since all the boys belong to the set 
of all the pupils/ ' « v 

Ex. N « {2,4,6}. The subsets of N are {2}; {4}; {6}; {2,4}; 
{2,6}; {4,6}; { }; {2,4,6}. The symbca txsed to indi- 
cate a subset is C • B^ A is read B is a subset of A. 



Note: A subset may be removed |rom a set. See 0250. 

A set may be partitioned into equivalent subsets 
(Se'e 0540) or non-equivalent suBsets. 



The empty set 

{See 0020) 



The empty set has no members or elements. The set of 
-students with four legs is an empty set. The cardinal 
number of the empty set is zero. ^{ } is onje sypjbol 
for tjie empty set. The empty se|t is a subset /f every 
set. ^ 



\ 



Sets 



Disjoint sets . ' . . . , 

Disjoint s^ts are sets which have no elements in common. 

{on}. B-{AE]} A and 
^ ■ J ■ V J dis^o 



Ex. A 



and B are 
f^oint.sets. 



A^B = { } 



Ex. C =, {1,3,0} D = {7,4} 



IJnion of sets 
, (See 0120) 



The union of two sets y denoted by the symbol \J , is the set 
of all elements bq^longing to/ either of the two sets or to 
botfti of them. Elements comtoon to both sets are not repeated 
when naming the set union./ 

Ex. A = {1,3,5} B « p,S,5,7} AUB « {1,2,3,5,7} 



Intersection of sets 



The intersection of twp/or more sets!,^ denoted by . the^ symbol 
f) , is the set o£ elements common to both or all sets. 

Ex. If A « {1,3,5,7} and B « {5,7,9,11}' then A and B are 
intersecting Sets. * ^ 

A/Ob * {5,7}; read A intersection ^, is the set {5,7} 
*where. 5 and 7 are the elements common to both sets. 



Venn diagrams 

(See 81^S) ' , 

Venn diagrams ^re diagrams which use overlapping or -inter- . 
secting circles to show relatiotlships between sets. ^ 

•J , . • • 



* / 



< 
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Sets ' 




Ex. A 




A= {1,2,3,4,5} B- {2,4,6,8,10}4* 

^An B = {2,6} The shaded are^shows the inteijsection, 

Use 4097 only 'if Venn diagrams are identified by the 
authors. 

For use of Venn diagrams in^ftogic, code 8135, 



Finite sets 



Finite sets are se"ts whi^h can be defined by ^pounting, with, 
the counting coming to an end« There Is a whole number that 
identifies- the ntunber of members « 

Ex, A = {^,4,6} all the members are identified* 

B*= {2,4,6, ••• ,20} is a finite set since all the members 
can be identified by counting. 



Infinite sets 



Infinite sets are those which cannot be named by counting, 
with the counting coming .to an end. 

Ex,' {1,2,3,4,« • • } ' The set of natural numbers- 'is an 
infinite sef. 

The three dots indicate that the set is infinite an^ 
that you may write other elements which continue the 
pattern indefinitely, » 



Universal set, difference and compTement 

A universal set is the set containing all elements under 
consideration and is, usually designated by U, ' ^ 



^^'^ 88 i 
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Sets 



Ex. D «'{all states in the U.S.} 

A » {Iowa, Minnesota, New York) A is a subset of U. 

« 

The set difference of A and B (denoted by A/B or A - B) 
is the set of elements that are in A but not in B. 

Ex. A » {January, Febnx^ry, March) 

B a {March, April, May, June} 

A - B » {January, February} 

B - A - f{April, May, June} 



Ex. 




A - B is represented by the shaded portion of the 
diagram. ' 



If U is the universe under consideration, and A any subset 
of U, then the Iset cotnposed of dll the elements of U that 
are not in A is called the <K)mplement of A, and is usually 
designated by A* . * 

Ex. If U represents all the pupil« in --a room and A repre-; 
sents all the pupils with blue eyes, then the set 
complement yof set A is A' or all the pupils who do 
do not have blue eyes. 



Solution sets and replacement sets . 

(See 8170) - ^ 

The set of elements whictrwhen used to ^replace the variable (s) 
in an open sentence make it a true sentence, or the set of all 
numbers that are solutions for a number sentence, is called a 
solution set. 
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Sets 



Ex* 3 X n > 60. The solution set for n, an integer, is 
{21,22,23,--} 

If A « {x|x>5} in the universe of whole numbers, then 
the solution set S « {'6,7,8,»»»} 



Cartesian product sets (cross products) 
(See 0390) 

The Cartesian product of A and B is the set of all pairs 
of elements from set A and set B such that the first- 
element in the pair is from set A and the second from 
set B* 

Ex. A « {x,y}, B - {1,2,3}. The product set is 
{(x,l), (x,2), (x,3), Xy,l), (y,2), (y,3)}. The 
number of pairs in' the product set is the cardinal 
number of th^ Cartesian product. In this case it 
is 6. ^ 

Note: See 0390 for use with introduction of multiplication 
of whole nusibers. 



\ 



99 

90 



TOPIC IV: 

Geometry 



INTUITIVE CONCEPTS OF GEOMETRIC FIGUEES AND IDEAS ' 

GeometrHc figures in environment 5010 

Shapes such as circles, squares and triangles become 
familiar through pictures or"* objects seen in the room, 
on trips, at home. 

Notef - Use this code in introductory lessons on geoAtric 
figures if a variety of familiar shapes is tised. 

Geometric designs or patterns (sequences) ^ 5020 

Continue the pattern. 

Spatial relations wittiout measurement (size, position, betweenness) 5030 

Ex. Mark an a: on the latger ball. ' ' 

Mark an a: on the largest ball. 
Mark an x above (below) the doll. 
Mark an a: to the left (right) of the doll. 

Two dimensional figures (plane) ' * 5040 

Plane figures are two dimensional. 

Ex. Some models of plane figures are the surfaces of floors, 
window panes and doors. 

Three dimensional figures (solid) 5050 
Figures in space are three dimensional. 



Ex. Some models of three dimensional figures are a cereal 
box, a tin can and an ice cream cone. 
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Geometry 

Curveis: simple, non-simple; closed, open 
(See 5174) - \ 
... • \ 

A simple curve can be txacfed without passing through any' 
point twice. \ 

A closed curve is undef ihed but xaay be thought of as a set 
of points represented by \a draw^g beginning and ending at 
the same point. \ 

Line segments areJEonsidered to be curves. 

Ex. Pictures of curves: \ 



Af simple, open 



B. non-simple, closed 




C. simple, open « 




D. simple, open 




£• simple, closed 



F. non-$imple, open 




6. simple, closed 



H. non-simple, open 



40i 
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Geometry 

Regions formed by simple closed curves 

A mathematical regibn is a partitular multipoint space set 
in which any two points can be connected by a continuous 
curve without passing through any .point- which is not in the 
particular multipoint space set« 

A simple closed curve separates the plane into three sets 
of points: 

All points outside the curve (exterior region). 
All points inside the curve (interior region). 
All points of the curve itself (sometimes called 
tJie boundcay). ^The boundary has no points Jp 
common with either its interior or exteriorNregion6. 

A region is closed if it contains all of its boundary points. 
A region is open if it contains none of its boundary points. 
A region is neither open nor closed if it contains at least 
one but not all of its boundary points. 

Simple closed surfaces ' , 

A simple closed surface can be thought of as the space counter 
part of a simple closed (^urve. ' 

Examples of simple closed surfaces are spheres, polyhedrotis, 
cylinders. 

Representations of point, line, plane, space 

A point is a concept which, like a number, ex£sts only in 
the mind. As a numeral represents a number, a dot (.) 
represents a. point. The tip of a pen or the sharp end of 
,th& lead in a pencil would suggest a point* 

> ^ ^ A line is a set of points extending 

infinitely in opposite directions. 

Ek. The intersections' of walls and a ceiling suggest lines 
, although they do not go an infinitely far. 

A flat surface suggests a plane. The 
set of points in a plane extends infinitely 
in all directions. 
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Geometry 

*Ex. Some things in the room which suggest a plane are a 
desk topj floor, walls or any flat surface. 

' ' Space is the set of all points, i book, ball or box of 

dominoes suggest space figures (three dimensional figures). 

5081 Optical illusions 

CONCEPTS OF GEOMETRIC FIGUEES AND IDEAS EXPLORED IN DEPTH 

5090 Point - ^ . 

A point is ^undefined. It has no measure. It is a zero 
"■■ ' dimensional concept. The intersection of two lines is a 

_ ' .point.- Between any two distinct points in space ther^ 

is .always another- point . 

■ . • . • .. 

5100 . • Line . ^ ^ • ' 

A line is undefined. 1% is a one dimensional concept. Its 
measure is leilgth. Every' ^point on a line is between two 
- other points* For any two poiilts there is only one line 
, ^ which contains both of them. Two distinct lines intersect 

in at most one point. 

' » . ^ i 

>51Q1 ' ' Line segment iK * ' 

(See 560d&V 

J ' A line segment is the union of two points on a line and all 

the points on the line between them. 

9 

Ex. Pictures of line segments: 



H A B ' ' A B 

The line' segment jconsists of point A» point B and all 
points between tliem. A and B arfe called the endpoints 
of the line segment. 

Note: A half open line segment is, the union of the 

points between A and B-and^one of the epdpoints. 




erJc 
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Ray 



Georr^etry 



\ 



An open line segment Is the set of all points 
between two given points. (It does not contain 
the ^ given points.) 



A 



A ray is defined as an infinite set of points (a subset of 
a line) with only qnd endpoint. A second point in the ray 
helps to name it. A half-line may be thought ^f as a ray 
without it's endpoint. 

A ray is the union of a half-line and an endpoint. 
A B 

Ex. This picture represents a ray. 

(Note 3olid "dot at A. ) 



Ex. 



A 
O- 



This picture represents a half- 
line. (Note open ^ot at A.) 



Related lines: intersecting, parallel, skew, oblique, ... 

Lines drawn through a cotamon point are called intersecting 
lines . 

Ex. ^ r li and I2 ^te. intersecting. 

^.lines .thij^ught " pciint ,1P. : . 
How many line3 can inter- 
sect ^at point P? - (Ari. 
infinite flumber/) 

Parallel lines are lines in the same plane having) no points - 
%n common. Their intersection the empty ^ep. .. " ' 

Ex. ' Tw6 rails of a railroad track suggest parallel linep. \ 

Skew lines are lines that have no point in connnon and do ' 
not' lie in the same plane. , i 
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Geometry 



Ex. 



A string stretched across t*he f;.oor and^a string 
stretched by two pupils at waist height so that it 
is not p^allel to the fir^t string represent skew 
lines. ' * 



l2 
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OJjlique lines are two lines in a plane which are neither 
parallel nor- perpendicular. They intersect to form pairs 
of obtuse angles and pairs of acute angles. 

Ex. ' 




Angles 



An angle is the union of two noncoHinear rays with a common 
endpoiht. 



Ex. 




ERLC 



G^metry 



Kinds of angles - ' ■■ 

A right angle is aii angle whose degree measure is 90.' 

. ' ' ' • \ 

■ ^ Ex. 

A 



B 



.90' 



c • 



An acute angle Is an jangle w^iose degree measure id greater 



than 0 and less than 90.' 



B 




An obtuse angle is ore whose degree measure is greater than 
90 and less than 180. 



Ex. 




V 



Regions ^formed by angles 

^\ An angl^ separates a p]^ane into three distinct sets of 
points: ^ 

. the set of poitlts between the rays (^nfiertot* region)^ 

th^ set of points 6f the angle {bbundaxy) . 

^ ' the set of points npt between the rays and not on the 

boundary {exteiyior region). - ^ . • 
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Geometry 



Ex. 




-interior 



/ 



Code regions formed by op^n i|urves here, except see 5510. 
for regions formed by a line. 

See also 5070, 5510. 



Every plane contains at least three points not in a straight 
.line (not collinear). A plane is a surface such that a 
/Straight line joining any two of its points lies entirely in 
the surface. A plane is a flat surface. The intersection 
of two planes ih a line. An unlimited number of planes can 
pass through a line determined by two points. A plane figure 
has two dimensions, length and width. 



Poly gons. (plane ftgures) 

^ 

A. General properties of polygons / 

A polygon is a simple closed curve (see 5060) formed by the 
union of line segments. . 

Use this code for thd properties of pplygons in genei*al, such 
as number of vertices ,\number of diagonals or when more than 
two types of polygons are considered in the same lesson.' ^ 

\. Relationship of angles or sides of a polygon 

Ex. The sum of the degree measure of the angles of a 
triangle is? 180. . 

Ex. The. sum of the lengths of any two sides of a triangle 
is greater than the length of the remaining si.de. 



Geometry 

» ^% 

Ex. The longest side of a triangle' is opposite the greatest 
angle. 

Note: The Pythagorean theorem and its use should be coded 
5320 or 2770. 



Triangles , * 

. See 5280 and 5290 for perimeter and area. 

^ ►A tviangle is a polygon of three sides. 

An equilateral triangle is a triangle whose three sides 
are equal in length (or measure). 

An isosceles triangle is a triangle with at least two . 
sides equal in measure. 

A scalene triangle is a triangle ikth'^nVtwo sides equ^l 
in measure. • . 

A Hghi triangle is a triangle ^laAtng ofie angle .Who^e- ^ - 
^ . degree measure is 90. ^ . * • ^ " " 



/ 



Quadrilaterals 

I 

Quadrilaterals are polygons having four sides. 

A parallelogram is a quadrilateral with both pairs 
opposite sides parallel: ' * ^ 

Ex. 



A rectangle is a parallelogram with one right angle (and 
therefore with four right angles). 

t square ia a rectangle with two adjacent sides equal in 
asure (and therefore with all four sides equal in measure). 
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Geometry 



A rhombus is- a parallelogram with two adjacent sides equal 
in measure (and therefore with all four sides equal in 
measup^) • . < , ^ 

Ex, 




A trapezoid is a quadrilateral with one and only one pair of 
parallel sides. « - 

Ex. * ' . * 



E. Other polygorts " . * * 

k pentagon is a polygbn with five sides. 
A hexagon is a polygon with six sides; ' 
An oabdgon is a polygon with eight sid68. 

Topologital concepts 
' (See -5060) 

Use this code for intensive work with curves, the MtJbius 
strip, Euler*s,rule for tlje edges, vertices ancl faces' of 
. 'simple closed surfaces and other topics -from topology. 



Ci rcles 



A airale is a. set of all points in a plane which are a given 
distance (radius) from a given point called the center of^ 
the citele. , 




\ 



Ex- 



Geometry 




All the points on the^cuirve are equidistant from the 
center C. * - • 

The radius, diameter and a chord qf a circle have special 
cnkracteria^tics. . * . 

-^rA circle ^determines three sets of points in the plane:* 
interior and exterior regions and the circle itself 

Central angles cut off arcs and sectors of gircles. 

*' 

See codes 5280 and 5290 for coding circumference and area 
of circles. 



Three dimensio^ial space 

^ Space is the ^t^of all points, 



A closed three' dimensional figure separates space into thtee 
sets of points: 

All points outside, the figure (exterior region)^ 
All points inside the figure (interior region) . 
The ppints of the figure itself (boundary). 



5183 



Ex. The interior region of a sphere is the union of its 
* center point and all points whode distances from the 
center point^are less than the radius. The exterior 
■'region is all other points not on the aurface of the 
spheYe; 

Three dimensional figures ' 
A. General properties of three dimensional figures 



5185 
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The ^ polygonal regions are called faces* 
,The faces intersect in edges j[lfne segments). 
The edges intersect -in vertices (points). 

Some other three dimensional figure^ are coi^es, spheres, 
cylinders and prisms. ' ' ^ 

Use this code if more than two types are considered in 
the same lesson. 



B. Pyramid 



A "pyramid is a polyhedron formed by the union of a polygonal 
region (called the hose) and triangular regions (called the 
, lateral faces). If the base is a triangle, the pyramid is 
-a triangular pyramid. If the base ^.s a square, the pyramid 
• is a square pyramid. 






triangular pyramid sauare pyramid ; Tiexagonal pyramid 



4 
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Geometry 

Prism - jf 

A prism is a p6lyhe^roA^.\cith' two faces (called basee) that 
are.. congruent polygonal regions in parallel planes and other 
faces (called lateral fade) which are regions bounded by 
parallelogranfB . 

If the lateral edges are perpendicular to the base, the 
prism is called a i^ght priem* 

Prisms are named according to the number of sides pi their 
bases. 




If all of the faces of a prJLsm are parallelograms, then it 
is called a parallelepiped* • 

«i|j|BV ^ ' 



^ 
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Geometry 



\ 




parallelepiped 



If all of the faces of a prism a?e rectangles, then it is 
called a rectangular solid* 




frecta^igular solid 



If all of the faces bf'*a prism are equares^ then it is 
called a cube* 




%ube 
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Geometry 



Cylinder ^ ' 

A otToular cylinder is formed by the inlilon of two congn^^nt 
circular regions (bases) in parallel plaa^s and the line 
segments joining corresponding poinds of the circles. 

If the line joining the centers of the dlrfcular regions is 
perpendicular to the bases, the cjidinder/is called a Hght 
airculccr cylinder. 




ri^t circular cylincaer > oblique circular cylinder 



Cone , 

*. 

A circular cd^e is the union of a 'circular region (bas^) 
: and all line segments joining a point (vertex) not in the 
plane of the base to points on the circle. 

if the line joining the vertex to the center of the base 
Is perpendlcu]^t to the plane of the .base, the cone is 
called a right cone. ♦ 





right circular done 



oblique circular: cone 
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Geontetry 
F- Sphere 



A sphere is tlie set of all/points in space that are a given 
distance (the radius) froi^ a given point called the center. 




Conic Sections: the ellipse, circle, 

Conic sections^, or QOrdoSs are 
by the intersection of a plane 
surface. 



parabola and hyperboja 

curves which can be formed 
and a right circular conical 



A conical surface is of unlimited extent and has two parts 
called nappes* Lines on the surface (such as AA') are 
called elemnts. 

The shape of a conic depends on the position of the p^l^e 
with respect to the elements on the conical suriface. 

Ex. An ellipse^jls formed by a plane which intersects only 
one nappe of the surface and cuts all of th6 elements « 



Geometry 





♦ One equation of an ellipse is: ^ + " 



A oivcrle can be regarded a^ af special case' of an' ellipse. ' 





One equation of a circle is: + z/^ » r^. 



Ex. A parabola is fonaed whefi the plane is para,llel to an 
elements ' 





One equation of a parabola is « Ipx. 



Ex. A hyperbola is formed- when the plane cuts both nappes 
of the cone. 



Geometry 






One equation of a hyperbola Is: 



^ -V - 1 
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CONSTRUariONS 



Only recognized geometric constructions will be coded 5210^ 
5220 and 5230. Drawing geometric figures will be coded*" < 
under 50S0^ ' 



5210 
5220 
5230 



A/ Line jorfstructions (one dimensionaV figures) 

B. Two dintensional figures (plane J'igufres) 

* 

* ^ * * 

C. Three" dimensional figures (figured in space) 
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METRIC GEOMETRY 

Comparing.»sizes, shapes, distances 
A. Congruency 



Congruency is the property of the delation of two geometric 
figures having the same size and shape. „ • 



'r 



Angles are congfuent- when their measures are equal. 
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Geometry 



'Tvfo dimensional figures are congruent when their 
corresponding sides and corresponding angles are 
eqiial in ^asure.- 



Symmetry - j . * * 

A geometric configuration is said to have symmetry with 
respect to a point, a line or a plane when for every point i 
oi|i the figure^ there is another point such ^hat the pair 
correspond with respect to the point, the line or the planfe/ 



Ex. 



7 




L 



I 



Points A and B are symmetric to the origin, k point* 



Ex. 




The ellipse ABCD is symmetric to the line AC and to 
the line DB. 



Transfonnatfons 



Ex. Translations, rotations, reflections and inversions are 
examples of transform^ti^pnB. * - 

» 

Similarity , 

Similar geometric figures have the same s^ape, but not 
necessarily th^ same si;ie. 



Ex*. 



□ 
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Geometry 



Similar »f)olygon8 have the angles of one equal in 
Daeasure to the corresponding angles of the pther 
and ^the^ measures of the corresponding sides in 
proportion. 



£• Similarfty: scale drawing 

' (See 8000) • Y ' . 

In a ^cale drawing all distances are in the same ratio to 
the corresponding distances on the original figure « 




Measurfement oOge^metric representations 



A- Line segments with ruler and/or conpass or other measuring 
devi ce 

(See 6030, 6032, 6060, 6065) 



Angles with -protractor and/or compass or other measuring 
*tlevice 



C- Perimeter or circumference of sinple closed curves 
• (See^Oaa., 6032)' . f 

D. Area of plane figures 

(See 6034, 6035) ^ , . 

Include lessons finding surface areas of solids < 



Volume of solid$ 
(See 6036, 6037) 



Surface area of solids 

For materials coded with previous lists, see 5290. 



The Pythagorean theorem and. the distande between two points 

The Pythagorean tlieorem: given a right triangle, the 
square of length of the hypotenuse Xside opposite the 
right angXe) M.s equal to the sum of the squares of the , 
lengths of the other two sides • 



• ■ Geometry 

Ex. Given the right triangle ABC (right angle at C) 



Ex. 




10^- 
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, Find the distance from A to C 



Ex. 




P c • 48 mJL. 

Find the distance from P to R 



Ex. Find the distance between the points whose coordinates 
are (5,6) ^d (11,14). 

If the eii5)ha^is of the lesson is on irrational numbers 
code 2770. 



Geometry ■' 

OPERATIONS WITH GEOMETRIC FIGt/RES 

t 

linion , - , , 

Union - See 4093 

f 

£x» The imion of. six planet rectangular regions forms a 
rectangular sjolid* 




Intersection 

. intersection - See 4095 » ^ ' 

The faces of a rectangular solid intersect in line segments 
, The base and the conical surface of a right circular cone / 
, intersect 'in a circle. ^ , * 

OTHER TOPICS - ^ ' 

Separation of sets of points- 

See 5070 for sepai;ation | of points of a plane by a curve * 
See 5140 for separation of points of a pldne by an angle* 

A point separates a line into three distinct sets of 
points:, two half-lines and the point itself.' 

- Ex. ' ' * . ♦ 



A B 'Xv 



The point P separates the line AB into three distinct 
sets pf points: the half- line PB, the half-line PA 
and the point P. . - ^ ^^^^ 

The notation for the half-line PB is PB. 
The dotAtdon for the half-line PA is PA. 



' V ' ' , Geometry 

• # • 

A point is zero dimensional and it separates'^ a line 
which is one dimensional* 



A line separates a plane into three distinct sets of points \ 
two half-planes and^the line itself. ! 

Ex. 




The l^e AB separates the plane m intp three distinct 
sets of points: the set of points on the line AB, the 
set of points on the P side of line AB and the set of 
points on the Q aide of line AB. 

Xhe notation sometimes used for the half-plane is as 
follows : • 1^ 

denotes- the "P" side of the line. AC. 
^ AB . . * , 



Q . 

.^^-^ denotes the 'IQ" side of the line AB. 
AB , ] 

The line is one dimensional £yid' it separates a plane 
which is two dimensional. 



See 5183 for separation of points of space by a th:x*ee 
dirmnsiondl figure. 

A plane separates apace into three distinct sets of points: 
the two* Half-spaces and the plane itself. 



Geometry 



*The plane m separates •space into thr^e distinct sets 
of points; the half-space on the^ P side of plane 
rriy the half-space^ on the Q side of plane m and tfte 
plane m* 

The plane is two dimensional and it separates space 
which is three dimensional. 



Locus of .points 



Locus of points is any set of points which satisfy one or 
mdre conditions, 

Ex. The locus of points in a plane fequidistant from a 
fixed point is a circle. ' ^ 




Conditions: 

Points lie in a plane. . ^ 

There, is a fixed point Pi 

All points in the locus must be e^quidistant from P* 

Geometric notation . , . 

Use this code for lessons stressing reading and writing 
geometric notation. ; * i . 

Ex. Line segment AB is written AB. 

' * > , , 

Line AB is written AB. 

Triangle with vertices A,B,C is named A ABC. 

Vectors - ^ - 

A vector is a directed line segment. The vector^ that begins 
at point A and encjs at^point B may be written AB. The vector 
that begins at point B ^d ends at point A may be written BA. 



■ . 123 
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-a: 



.AB is tihe vector from (1,5) to (2,2). 
BA is the vector from (2,2) to (^,5). 



Non-Euclid§an geojnetrics « 

/ A non-Euclidean geometry is (1)' a geometry which reject's 
Euclid^ parallel postulate mi retains the other postulates, 
(2.)' geometry not 'based on Euclid's postulates. 
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TOPIC V 

Measurement 



.... e 



6000 



Meaning of measurement (direct, indirect) 

To ineasure means to coinpare an object with' some suitable 
' imft. 

.Ex, Length is measured by a linear unit such as an inch, 
a yard or a centimetre. Area is measured by a square 
unit such as a square foot, a square metre or an acre« 
Weight is measured by a gravita^tional unit such as a 
pound or kilogram. ♦ 



6001 



Approximate nature 'of measurement 

No measurement is exact. If you are measuring a line 
Segment your measutement will be ^affected by the width 
of the dots at the endpoirtts, the angle at which you 
^ see the '^lilies on your ruler, worn- edges of your ruler 
and so on. 



6002 



Significant digits 



In a me^urement, significant digits are those digits 
needed to name the number of units. 
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Measurement 


Unit 


Nearest No. 
of Units 


No. of 
Significant 
Dij?its 


Ex. 


506 in. 


inch 


506 


3 






ten inches 


51 


2 • 




• 


hundred inches 5 


1 


Ex. 


2.83 ft. 


fe'et ^ 


3 


1 ■ 






tenths of 


a foot 28 


2 






hundredths 


of a 








foot 


283 


- 3 
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Measurement 



Unit 



Ex. 608,000 ml. thousand miles 



Measurement 

. No. of 
Nearest No* Significant 
of Units Digits 

608 3 



Ex. .0079 cm. thousandths of 

a centimetre ^^^^ 



In scientific notation, all digits In the multiplier of the 
power of ten are significant. 

' Ex. 2;080 X io3 has four significant digits/ 



Precision 



The smaller the unit of measure, the greater the precision. 
See 6005. - • . ^ 

If the unit of measure is h inch and something is measured 
to the nearest h inch, the precision of the measurement is 
h inch. ^ 



r 
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Round-off error 



The greatest possible round-off error is equal to half the* 
place value of the digit to which we are rounding. 

Ex. WeMnight know that the population of a city is 238,469. 
For simplicity we might round this number to 238,000. 
The difference between 238,469 or 238,000 or 469 is 
called the round-off error. 

Ex* Rounding to tenths: 

37.24 - 37.2 > . 

Actual round-off error: 37.24 - 37.2 « 0.04 
Greatest possible round-off error: % x 0.1 « 0.05 
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The greatest possible error 



6005 
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Measurement 

In any measurement the gre&test possible error I9 ^ the 
^ smallest division (iinit) iised on the measuring instrument, 

Ex. The greatest possible error in measuring 5 inches with 
a ruler marked to half inches is k indS. 

^Relative error 

The relative error of a measurement is the ratio 6f the 
greatest possible error to the measure. 

Ex. The distance between two cities is 500 miles (to the 
^ * nearest hundred miles).- What is the relative error? 

Measurement 500 miles 

Units of measure 100 miles 

Greatest possible error 50 miles (half of the unit) 



Relative error -^qq = or 10% 



•MNITS OF MEASVm< ' . 

Historical development of units of measure . 

A. Non-standard units such as foot', cubit, furlong leading to 
the standard English system 

r . 

B. Metric units 



Linear units of measure 
(See 6060, 6065) 

A. Non-standard 



B. English units for yards or less 
(See '5260, 5280) 



C. Metric units for metres or less 
(See 5260, 5280) 
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^Measurement 

Square units of measure in English and ndn-standard units 6034 
(See 5290) « . 

Square /nits of measure in the metric system- ' 6035 

(See 5290) , . ■ 

Cubic units of measure ir\ the English and non-standard systems 6036 
(See 5300) 

' . ' ' ' • 

Cybic units of measure in the metric system 6037 
(See 5300) 

Other concepts of measurement and ^appropriate units * 6038 

Ex. Decii^l, light ye^, calorie, kilowatt, degrees of 
latitude dud longlbode^ miles per h6ur, etc. 

Money 6040 
J<n« ' 6050 

/ * • r . 

Distance in English units for lengths longer than a yard 6060 
(See 5260) 

Distance in rretric units for lengths longe»/than a metre ' 6065 

See 5260 for measurement of line sf 

Liquids in English and non-standard units 6070 

Liquids in metric units / 6075 

Temperature; Fahrenheit and Celsiu4 (centigrade) 6080 
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Measurement ; 

Weight in English and non-starrdard units 
\ ^ ' . ^ - » 

Weight in metric units 

Dry measures - 

Quantity {dozen, gross, etc.) 



Operations relatecl"^to denominate numbers 

Ex.. ' 3 hr. 10 mln. ' 

" + 2 hr. 50 min. 
^. 6 hr. 

Code *120 and 6050. 



Ex. 6 lb. 10 oz*. *^ - 
- 4 lb. 15 oz. 
1 lb. 11 02, 

.Code 6120 and 6090. 



Conversion to other standard units measuring several Rinds of 
nongeometric quantities , * • 

> ^ 

Ex; , In one lesson: 

10 peckfe 2 2 bushels 2 pecks. 



90 minutes ^ 1 hour 30 minutes 
15 quarts » 3 gallons 3 quarts 



etc... 



.J 
-1" 



1?9 



120 



' ' , ' Measurement 

Note: If conversion is being developed with one kind of 

nongeometric quantity only, code under the quantity. 

Ex. 21 days 2 3 weeks . ' ' ' 

120 ildnutes S 2 hours ' ^ 

24' months S 2 years 

3 days S 72 hpurs . , . . 

etc. Code 6050. - 

Several concepts of measurement in the same lesson 
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TOPIC VI: " 

Number Patterns arid Relationships' 



ELEMENTASY SUMBER THEORY ' 

Odd and even numbers - • •. ' 

. • (See 0080) 

■ •( 

Even ntnnbers are the integers divisiBle by 2. 
E ' {'"\ -4, -2, 0, +2, +4,...} 

Odd-^nuinbers are integers not in^the set of even numbers. 
^ ' 0 -1, +1, +3, +5,--.} 

(See also 7055) 

Factors and primes' 

In any statem^ftt such as 5 x 8 « 40, 5 and & are called 
faotor$. 

A prime ntimber id* a wh^^ number that has only two integral 
factors, itself and 1. 

Ex. 2,3,5,7,11,13,* • • . The nuniber 1 is tisually excluded 
. . as a prime since it has only one factor. 



^General comppsite nunbers 

A composlte^ number is a whole number which has more than two 
factors, Itself and 1. A natural nunter greatej: than IKwhic 
is not a prime .number is a composite number. 



Ex. 12 Is a composite nusiber since its factors are 1, 2, 3, 
4, 6 and 12. - - 



\ 



Number Patterns and Relationships 

ELEMENT ARS NUMBER THEORY . . , 

Special conposlte nuirbers . ' 

A perfect ntmber Is an Integer vhlch is equal to the sum of 
all of its factors excluding itself. . 

Ex. 6-1 + 2 + 3; 28-1 + 2 + 4 + 7+14 

* 

Relatively priine numbers have no factor except unity in 
connDon* 

Ex. 8»lx2x2x2 

9-1x3x3 . . • 

Both 8 and 9 are coi]q)osjLte nundbers but they are 
relatively ^rime to each other. ^ ^ 

Ex. 3 and 5 are relatively prime. 

Nunjb^rs are amicable nunjbers if the sixm of the factors of 
each nunjber (excluding itself) eqtials the other nuxnber. 

Ex* 220 and 284 

The factors of 220 are 1,2,4,5,10,11,20,22,44,55,110; 
their sum is 284. 

The factors of 284 are 1,2,4,71,142; their sum is 220 . 



Greatest conmon factor 

The greatest nxmber .which is a factor of each of two or 
more natural nunbers is their greatest comon factor. 
This ntmi^er is also called the greatest common divisor. 

> ^ . 

Ex. 4 is the €CF of 8 and 12. 



Euclidean algorithm 



The Euclidean algorithm Is a method of finding the greatest 
common factor of two numbers. 

See 7050 



Number Patterns'and Relationships 

ELEMENTARY NUmER THEORY 



* The 'larger nuinber is divided by the smaller* The divisor 
is divided by the new xemainder. The process 'iB continued 
uhtil the remainder is zero. The final division la the 
greatest common factor. * , - 

Ex. Find the GCF of 368 and 80 - ^ * ' 

80)368 R 48 . , ' . ' - 

1 ' . i ■ _ . . 

48)80 t32 . ' . ' ' ' 

1 ■ .: •? 

32)48 R 16 ' . 

_2 - ; ■ ■ ' \ : ' - 

, 16)32 cR 0^ ■ • V ■ • 



The GCF of 368 and 80 is 16.' 



Multiples 

. (See 0080) 



Multiples of a nxpb^'r tJ -ai?e number^ (products) obtained by 
multiplying N by integers. 

Ex» 10, 35, 125 'arid 5000 are multiples of 5. - / 

' ... ' ^ . ' / 

E». The'/^eft of multiples of Z is ^ 
, -4,^^-2, QV ^, 4, 6,...} 

4 

If 

Least \:oninon multiple '* • . • t 

(See 1200,, 1300) .'. «. ' ' •. v 

^'^^ The least common multiple (also lowest common denominator, 
LCD, ^ of fractions) of^two or more natural numbCTs is the 
least natural number exactly divisible by all of the numbets. 

Ex. The LCM of 4, 10 -dnd 12 'ia 60. . 



Number Patterns and Relatiortships 

ELEMESTABY fiVMBEE TBEOSI • \ , " = 

Unique faptorlzation (prime factorization) * v ' • 

'Unique factorization or complete* factorization occurs wljen * 
the number is^ 'expressed as the product o£ itg prime fa'Cfors. 

Ex. 3 X 4 «» 12 shows 3 and 4 as f actbt^. of 12 but the^ * 

.expressloa .3 x 2 x 2 *«-.12 .shows <iomplete factorization. 

Rules for^divis'ibjlity 

^ All' even^niHnbers can be divided exactly by 2. 

1 -'All niraibers repres.ented by' numerals ending 0 or 5^ are . 
exactly divisible by.5* . . ^ • 

All' numbers represented by numerals ending in 0 are' exactly 
. diyisi'bU hy Ify. . ; . A ' . ' / 

If the sun? of'^the numbers named by the digits in a base 10 
, numeral is exactly divisible by 3 then the number is 
divisible by 3. ^. . " 

V Ex; 288 i,s^ divisible by 3 since the sum 2 + § + 8 or' 18 
.is 'divisible by ^3. 

Proof:' 2 x (IQO) + 8 x (IQ) +87 

. - 2 x: (9'9 ,+ 1) + 8 X (9 + i) + 8 = 
- , . ' 2 X ^9 + 2 + 8 5^ 9 + 8 + 8 «. 

. (2 X 99), (8 X 9) 4r 2 + 8 + 8 « 288 

, ' Tlie 'first two terms ate divisibld by 3; then 

* J the^olumber is divisible' by -3 if (2 + 8+8) 
is divisible by 3^ * : ^ ^ 

Rules for divisibility by .4,&,^^j^d-^^ are ofteiTmsed, 
also. ' , > 

' ' > t * / ' — '^^^ ' . ' 

NUMBER SBQUEN^S'AND PJ^RNS 
Gefteral number sequences and patterns ' 




(dumber patterns and Relations|jips 

HJ^ER SEQUENCES MD PATTEMS 

•. ^ — 



• • Nviinber seqpences «are numbers given In somel-ordej:, "usually 
pctording-to a -pattern. ' . . 

Ex. l,i,2,3,3,4,3,5'6,-.- Ex. i3^2-,4,3-,5;"4,6,5, • • • 

Ex. :0,3,8,15,24\— - ^ ^. 1,3,-4,7,11,18,29, • • • 



7090 ' Arithmetic progressions 
• . ' ' ^ ^ . (See 0075, 00.80) 



An arithmetic' prdgtBssion is a sequence of numbers each 
• differing* from the preceding. number by a fixed amount . 

Ex* 3,6,9,12* • •tjie constant difference Is 3; 

£x, 8,6,4,2,* • -the constant difference ^Is 

use co'de 7090 when arithmetic progressions, are so 
^ \ , galled l?y the' authors. For skip counting in ''primary' 
grades use colde 0080. • ' ' 



7100 Geometric progressions 



. *A geoMtric prqjgression is a sequence of -niunberS each of * 
which' differs from the preceding number by'^a constant factor. 

• • ' Ex. ^1\3,9,27,- • •the constant factor is 3. . • - 

- ^ ^* .Ex. 32,16,8,4,2,l,^,%,.».the constant factor is %. 

7liO ' TriahguTar^iumber^ . ^ " , * 0 - ^ ^ 

.A triangular numl)er- is the cardinal number of" a. set of dpts 
^ed in making triangular arrays beginnl^ng with one 4dt and 
" * continuing with' rows of 2^3,4,* 'dots. 

, . ' ' Ex. Ualng the top two rows of the diagram, 3 is seen to be 

a triangular number. Using the top thrfee rows 6 is 
seen "to be such a number. ^ . 



... 

. . . ( 
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^ . / Number Patterns and Relationships 

NUMBER SEQUENCES AND PATTERNS 

Square numbers ' ' » 

Square numbers are the cardinal numbers of square arrays, 

^\ 

Ex« » • * • % 

t 

• • • • • 

4 and 9 are s^ch sqtiare numbers. 

Factorial numbers ■ •. 

Factorial nunbers are ntimbers ^sypbolized by nl or [n^ to^ 
indicate the product of a series of consecutive positive 
integers from 1 to the glvea number* • 

Ex. 31 « r X 2 X 3 « 6 ^ 

3} is read "factorial three." It may also be read as 
"three factorial." 



Other special sequences 

Ex. Fibonacci numbers are numbers in the sequence 
0,1,1>2>3,5>8,* • • . Each number beginning with 
the third is obtained by finding the sum of the 
two preceding numbers. Leonardo Fibonacci was'. 
* a mathematici^. of the 13th Centbry who wrote 
treatises on tftie theory of numbers. , His nam^ 
was attached to ,j^the above sequence. 

Pythagorean triples 
(See 5320) 

■ \ 

k Pythagoveccn triple is a, triple of wholes numbers which 
• can be the lengths of the sides/of a right triangle. 



Ex. 3,4>5 since 3^ + 4^ « 5^ 
Ex.' 5,12,13 since "s^ + 122 „ ^32 



0 



4^ Number Patterns and Relationships 
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NUMBER SEQUENCES AND PATTEBNS^ ^ 
7160 ^ ' ^ Other special patterns (including short cuts) 

Code with an operation If possible. 

Ex. To multiply by 25 quickly, multiply hjr 100 and divide 

by 4; (actually multiplying by another name for 25). 

Ex. 452 = (40 + 5) X (4D + 5) ' 

(40 X '40) + (10 X 40) + (5 X 5)' 
= (50 X 40) + 25 = 2025 

Using the short cut ^ . ' 
' ^ 452 = (5 X 4) X 100 + 25 or 2025 



Code 7160 and 0700 (raising to powers 'and finding roots). 

Ex- 15 X 15 f 225 

35 X 35 = 1225 ' . ■ 

65 X 65 = 4225 
75 X 75 = 5625 

95 X- 95 = 9025 ' 
45 X 45 = 2?25 . ' ' . ■ 

85 X 85 = ??7? 

There is an easy way fo find the product when a number 
is , multiplied by itself if the numeral for the number 
has a 5 in the ones place. Can you see the pattern? 

Let t = tiens* digit! 
Let 5.« ones' digit 

(t + l)"^x t X IQO + (5 X 5) = N. 

Exa Since 3 7 = 10,. then 13 + 7 = 

Since 8 + 7 = 15, then 18 + 7 = ? 

Since 8 + 9 « 17, thenl8^+ 9 = ? 

Since^ 9 + 6 =« 15, then 19 + .6 « ? ' 

Sincie 4 + 9 = 13, then 14 +' 9 = ? 
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Number Patterns and Relationships 



NVMBER isEQUENCES AND PATTEmS 



Ex. 




In this figure there are ? lines. The Heavy line • 
intersects each* of the other liAes in ^ point (s). 

Does each line intersect every other line in the same 
X number of points? ♦ 

To^find the greatest nuuiber points of intersection 
'detarmined by* 4 lines, mWtlpiy tflfe niSnber bV lines, X» 
by i:he nuniber of points of intersection on line, 

-r; and then divide by 2: There are ^ ^ ^ , or - points 
Try this with* 5. lines, 6 lines, 3 lines, n ^ines"A* 




TOPIC Vtl: 

r ' * 

Other topics 



Ratio and proportion . 

A. Ratio ,/ 
I . (See 52^5). / ' 

A ratio is a con^jarison of two nimbers by division. 

I A ratio is a fractional nunber llsed to compare the 
''cardinal numbers of two disj*)iojb sets.- 
I ' '/ ' / " 

Ex. The ratio 6f aet A to set B is L 

I . • r , • . 5 



The tatio is 'a'icoiq)arison between two quantities which have/ 
the same dimensions, expressed in the same utit* / . 

tyt ratio of / 



E3t» Larry has 4 books and Jjoha has 7 bopks* 
Larry's books to John V is 4 to 7 or y. 



Th. 



7 

A ratio of 1 to 2 can be represented Ay any member of 
the set -J, -I*,* -g, ..• . It m^'be expressed as 

1 to 2, i, 1:2. ' 




A statement which shows that two rcttios are equal is called 
a proporHon. ^ 



3-6 



X 



Ex. 3--J3 



130 



159 




other Topics 



B. Direct and inverse '?»)*iat1on 



Whenever the quottent of two' variables is a constant, we 
say t|iat they vca^ directly. 



♦ Aa example of direct variattoni ~ » 7 or d » 7r / 

^[{h^evet the pz^oduat of two variables is a constant, we 
sa^ that they vazy inversely. / 

Axi exaii?>le of inverse vopiabionx r x m ' 560 or i» ■ -^^^ or 

m 



m 



560 



8001 



C. 



Per 
A. 



The constant is called the constant of variation. 

Proportion (including rate pairs) 

A rate is h coiiq>arison between two quantities having 
different diinenaions such as miles Jer hour. / 

Ex. If one candy bar costs 60, 2 dandy bars cost 

Note: Most verbal problems tising /niltiplication involve 
the concept of rate. 

See 4035 



cent • - 

Meaning and vocabulary 
(See 3035) 



B. Developed through use ^ ratios, * 

C. Developed through use of equations 

D. * Developed throuah use of the formula p - & x r (percentkge equals 

base times rate) ' . * 



8002 



8004 

8005 
8006 
8007 
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Other Topics 



Ex. What is. 8% of 62? 

62 b (base) 

.08 r (rate) 

4.96 p (percentage) 



8008 



8020 



E. Computation related to per 'cent 

— 6faphs ' 
(See 8050) / 



A. Solution -sets df equalities ai/d inequalities on the number 
line ^ 

_ \ f ' 

Ex. 3 x[J = 6 The solution set is {2}. 



The number line shows 



/ 



0 1 2 3 4 5-6 




Graph the inequality 3 </io if the universal set 

is the set of whole numbers, y The solution set by dots 
is {0,1,2,3}. The number lirie-graph is shown. 



8030 



0 12 3 4 5 
B. Ordered pairs on a coordinate plane 



Over 300 years 
•on which pairs of 
plane is called t 
grkph paper 
are ordered so 
or X distance and 
y distance* 



ago 



illtis ::rat 



Descartes envisioned a plane (surface) 
numbers were used to locate points'. This 
\e Cartesian or coordinate plane. Ordinary. 
Ltes such a plane. The pairs of points 
the first numbe^ represents the horizontal 
the second niimber j;ep resents the vertical or 



that 



Ex. 



The X and y axes ^rawn on the plane may be ;conside,red 
as t\Jo number lines with' the 0, point at theft inter- 
section. The ordered pair (-2,^3) locates ,k point 2 . 
units to the left tff the 0 point and 3 'urtiVs above it. 
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other Topics 
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i 8030 to code the mechanics of graphing ordered pairs. 

ution sets of equalities and Inequalities on a coordinate 

ne / 

Ex. Equality {(y,!/)|!/ » 2x} . 
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0 0 

1 2 
2> 4 
3 6 



0^ 
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other Topics 
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Find ordered pairs like those given. Plot them on the 
coordinate plane. Connect the points. A straight line 
will result. 

•The coordinates (njanbefs comprising the ordered pair) 
of any point on the line serve ap a solution set for 
the^^iven equation, or equality.; .V 



Ex*^. Inequalities {(x,y)\x i>2/^y<2 

Y 
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134 



143 



other Topics 



Since a? « 2 is not part of the graph, that line is 
dotted. For the same reason the line y « 2 is dotted* 
Where the two sets of arrows cross each other we have 
an area extending indefinitely to the right and, down- 
ward,. The coordinates of any point in this area serve 
as a solution set for the given inequality.- 

D. Slope, Intercept, etc. 

The slope of a line is the ratio of the^ae to the iwi. 




The slope of the line is — « ~ 

4 2 

If the line intersects the z/-axis at (0,i), b is called the 
y-intercept. ^ ■ • , 

In the exaii5)le above, the z/-intercept is 2. ' 

If the line intersects the x-axis at (a,0), a is called the 
a?- intercept . 

In the example above, the aj-intercept is "4. 

In an equation written in the form y = ma: + 3, w is the slope 
and b is the y-intercept. 



8042 



2 

Ex. y « a:V 9 



The slope is 4 
^ 3 



The y-intercept is 9, 



m 



1 



'Other Topics 

Descriptive statistics 

,A. Frequency tables, charts, graphs (bar, tine, circle, dot, 
'picture/ etc.) . . ' . 



B. Measures of central ten.dency: average, mean, mode, median 

s 

The arlthlnetic mean of a sequence of numbers is an average 
and, is found .by dividing the sum of the numbers by the 
number of items. in the sequence. 

Ex. The A.M. qf 4,8,10 and 16 is (4 + 8 + 10 + 16) 4.- 

<? 

The mode of a sequence of numbers is the number or category 
that occurs most often. 

The median of a sequence of numbers is the middle score' in 
the sequence after the scores have been arranged from lowest 
to highest or highe&t to lowest. The median of the scores 
5, 6,^8,-12,18,20 and 24 is 12. , ' ' ' 

. ^ The median of scores 4,5,6,8,11,12,18,24 is assumed to be % 
the sum of the two middle terms 8 and 11. ^ (8 + 11) = 9^. 



C. Measures of variability: range, quartiles, percentiles, 
average deviation,, standard deviation 

*4 

The* range of a^ sequence of numbers is the interval between 
the least and the greatest of a set of qtiantitiesJ 

Ex. The range of tRe, series 1,3,7,10*15 is 15 -1 or 14. 

The first qilartlle is the point below -which lie 25X of 
the scores. 

^The third quartile Q3 is the point below which lie 75% of, * 
the scores. ^ 

The 20th percentile is the point below which lie 20% of 
the scores. . - 

The 50th percentile is the point below which lie 50% of 
the scores. 



/ 



. ; . •/ / ' other Topics 

Th^fiVerage deviation Is the arithmetic loean of the 
arltimetlc mean. It is found by using the formula 



the absolute value of fhp flitm ^-p ^u^ j ^ ^ 
the number of deSatioSs IsTi^^ deviations divided by 
u«u r ox aeviations is the av^age or mean deviation. 

It ?SuM ""^''^^^^ i« ^ound by using 



a. v^-^ 



Permutations and combinations 

'f?*iH?^''^°'' arrangement or. ordered set of objects is a 
perrottotton of those objects. t oi opjects is a 

' SgUsI"' °« 2, 3 ^d 4 using all three. 

Answer: 234, 243, 324, 342, 423, 432 

* S^^if '^^'^ '^'^^ '^""Pty seats in a bus 'and 
two.people get on. I„ how many ways can they p?^^ 

Answer: 6 • 

* -«»•• 

S^ir^^Sf H for^d from 

A 

^Answer: 1 . 

"^'^ J^^ds' S^th'tie^'^th ^"'^'^ " Each_ona_fihakes 

^ nands with the others. -How many handshakes? 



Answer: 3 




other Topes 

Probability • v ;^ . ^ ^ . 

A. Intuitive concepts . ^ 

If several events are equally likely to happea, the chance 
(probability) that a given evdnt will happen is the ratio ^ 
of the favorable possibilities to the total possibilities. 

The probability that a- 3 will show on one toss of a die Is 
^# dfil^^^e 3 can appear-* Any of ^ six numerals may appear. 



B. Formal concepts 

A f 

Ex. A bag contains five marbles • On ten draws you got 
a green marble ten tildes. What do you estimate the 
chance of drawing a green marbje? a red marble? 

Ex. There are 30 marbles in a bag. If five are "green, 
12 are blue and three are red, what is the chance of 
drawing a blue one? 

other mathematical systems (finite or infinite') - 

A. Modular arithmetic (clock arithmetic) . 

• Modular arithmetic is Uased upon a set of finite numbers . 

Ex» The usual clockface has only 12 numbers. ~Hence, in 

that ntaii)er system we may write 8 + 5 « 1. A movement 
of the hand 5 spaces beyond 8 brings the hand to 1. ► 

-Not6: Use of the .cloibk to teach the base 10 system of 
.numeratipn is^ coded 3050. .Telling time is coded 
6050. Use this code for finite mathematical ^systems 
only. * . \ 

B. Without nuirfiers. 

Letters or geometric figures may be used. 

C. Other 
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other Topics 

Logic . ' ' . ' ■ ' • ^ . ^ • 
A: Reasoning ' " 

Logic may be described roughly as the study of necessary 
inferences or convening conclusions. 

Ex; Answer yea or no. Mary haS two dimes. Aim? has two 
nickels. Mary and Ann have the aaine amount of * ^ney * 

- .-,)/'- 

B, Logic in depth ^ 

.(See 4097;) . - . . • ' . 

Use this code for -work stressing syllogisms, truth tables, 
Venn diagrams (when used in logic), . 

Ex'. .Draw a conclusion from the following: 

.(1) If M&ry i^ at school, then Susie is at Home. 

. - . .(2) If is.^£ home,, tliert the hir4 la ainging* 

(3) Mary is 4t school • • ^ 1 - ' 

, Ex. Draw a Venn'^dlagram for the. following: 

(1) All rectangles are parallelograms. 

(2) All squares are rectangles. 

(3) Therefore all squares are parallelograms • 
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other Topics 

Relations and functions 

A relation is often defined as a, set of ordered pairs* 
/ Thus {(Mary, John), (Harry, Sue)', (1,2), (8,6), (a,b)}' 
is a relation even though the elements appear to be 
selected at random. However, the selection of metfibers 
. * of the set is ysually made on thq basis of some meaningful 
relationship. 

Ex* Suppose.it is known that John is 4 years old, Harry is 
6 and Mary is 7, and the relationship "is older- than" 
is given. . ' * , 

. Thus the relation is {(Mary, Harry), (Mary, John), 
(Harry, John)}* , ^ 

> 

The graph of this relation: 



y 

Jdin 
Harry ' 
Mary 



X 



Ex. The pairs of real numbers that make " x a true 

V statement form a relation that can be written 'as 
Ux,y)\y^ - a}; . 

Some of the. members of this set are (0,0), (1.1). 
(1,-1)-, (4,2). 



140 



other Topics 



The gjraph of this relation: 
. 5- 




( 



A set of ordered pairs may be formed with the first ' 
number being John's age and the second his weight in » 
potinds on his birthday: - . ^ 

{(10,70), (lli75).>; (12,89), (13,100)} 

i 

The graph of this ^^relation : 



100— 
90— 
80- 

■ 70-I-. 



10 



11 12 



13 



X 



Example 3 differs significantly from examples 1 and 2. 
In example 3, only one point is graphed above , (or below) 
one location on the x-sxLs, Whereas ±a the other two 
examples, more than one point appearEi above (or below) 
the same point on the x-ax±B. Relations ^such as that 
given. in example 3 are single-valued, relations and are 
called fmoHcme. , , . ' ' 



other Topics, 



A funoHon is a relation such that for each first value^ 
there is one and only one second value. 

Ex. {(1,2), .(8,3), (7,3)} \ , 

Ex. Ul,2), (8,5), (7,5), (4,3)} 

Ex. {{rya)\a = 27Tr}, where r-> 0 

This code Us to be used for definitions of, and for graphing 
for^the purpose of illustrating the meaning of, the tepas. 
relation and function. • * ' 



8145 



' Ddmafrt and range . \ ' ^ 

^ The domain of a relation (or function) is the set of first 
members of each pair. 

The range of a relation (or function) is the set of second 
members of each pair. 7 ^ 

Ex. Given the relation {(6,5), (8,7), (2,6)}^ 

The domain is: {2,6,8} 

The range is: {5,6,7} 



8150 



Estimation 

' (See 3100) 



'An approximate (estimiated) answer to a -problem can often be 
foimd by using rounded numbers and mental computation. • 

Ex. The sum o^- 428, 365 and 215 is approximately 

400 + 400 + 200 = lOQO \ 

■ 428 ' ' " , 

365 
• + 215 ' 

1008 actual sum ' , 
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Other Topics ' \l) - 

8160 Properties of relations' 

(See 8140) 

Suppose a set of ^leihents and 8om&-^rule for pairing them are 
• given and a set of ordered pairs (a relation) iis/formed. If 
the given rule permits every element to be ipairjcfd with itself 
the relation is said to be reflexive i li 

Ex. Given^the set of whole^numbers and the rtfle is eqml toj^ 
Since every number is .equal to itself, the relation 
formed is reflexive • ^ 

. ) 

15 a and b ate any two elements and if a can be paired with' 
b then b can also be paired with a, the relation is said to 
be ayimetvio.^ . . • , / 

Ex. #iven the nxie ie the aister of and two girls, Alice 
and Mary> who have the same parents. The relation is 
{(Alice, Mary)> (Mary, AliceXK Since A^ice is the 
sister of Mary, and^ry is ai^^K^e sister of Alice, / 
the relation is symmetric. ^^"X,^ - j 

If a, b and any 3 elements of a set and If a can be 

paired with b 'Snd b can be paired with CJ» then be ' 

^ paired with a, the xfelation is said to be tranavtCoe. 

Ex;*- Given 'the children in a classroom -and the rule ia 
taller i^ian. The relation so defined is transitive 
since if Mary is taller than Harry and Harry is 
taller than^ John, /then Mary is taller than John.* . 

' . * • 

; ' . .If nulnbers are pai^d with the rule ia equal to^ the^/^ 

relation formed is reflexive, symmetric and transitive. 



Ex. If people are paired accbrding to the rule ia taller 
than^ the relation fo'rrofcd is transitive but it is not 
reflexive (since 1 person cannot be taller than him- 
self) and it is' i^ot S3rmmetric (because if Ann is 
taller than/ Betty, Betty cannot be taller than Ann). 



B170 Mathematical sentences 

(See 4125) 
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/ 



y , , Other Topics 

An arrangement of symbols Indicating that a relationship, 
exists between two or more things. The sentence contains 
at* least two symbols for numbers points, sets or the like 
and a relation symbol,. The most common relation symbols 
are > and <. f. 



Ex. 




Equations : 



Inequalities: 



symb($l ' "relation 
for thing symbol 

2 + a: 

3 2/ • « 

2 > 



Other: 



3 + 5 
AB 
^{1,2} 

Kinds of / 

Sentences [ Open' Sentence 



symbol 
for thin^ 

3 

18 ■ 
1 

7 
10 




6 'x 31^ 24 



CD 

{1,2,3,4} • 

V 

Statement 
^ + 11 • 13 
"4 i 9 = 36 

, 6 X 5 > 24 

I 



\ 



I 



Developmental work wl^h problem-solving may be classified 
undet code 817D. Problem-solving (application) should b6 
coded under the operation involved. 

f - . ! . 

Application of mathematics to other subjects 

\. . ' 

'In*textbook analysis, use only with at. least one other, code. 

Flow cha^rts ✓ 



8180 
8190 



If a flow chart shows instructions for a non-mathematUcai 
process, code 8190. 



ERIC 
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8200 



8220 



c 



8230 



Other Topics 

/ 

♦ If a flow chart shows instructions/ for a mathematical 
process 9 code 8190 and at least ot^e other code* 

History of mathematics 



Use this code for biographies of mathematicians and other 
historical materials. For historical mathematics, code the 
mathemati^cal concept. 

Ex. "The Greek mathematician Eratosthenes, who lived Over 

2000 years ago^ invented away of sifting out the. , 
prime numbers from the other natural numbers." Code 8200 

Code aptual work with the sieve of Eratosthenes 7010. 



Trigonometry 

A. VDefinition of trigonometric ratios 

^ ' Use this code for the definitions of trigonometriq ratios 
and fpr direct- applications of the definitions. 



Ex. 




^Give^^e value of sin A. Answer: A 



B . Numeri cal tri gonometry 

Ex. A right triangle has an acute angle with a meaiuremenn 
otnV . The length of the leg opposite the 77-degre0 
angle is 36 cm. Find the length of ^he hypotenuse t<| 
the nearest centimeter.* 



■ 



I ■ 
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concepts' 



A/ Zero, the identity ele'ment for addition 
(Se^ 0170, 1180, 2090). 



Other Topics 



8502 



B. One,, the identity element for multipHcation 
(See 0440, 1400, 2200) • . 



8503/ 



C. The distributive propert. 



aisxriDutive property 
(See 0430, 0575, 1390) 



8505 



Equations or inequalities 
A. Linear ih one variable 

Ex. Fin^ each solution set: 

n + 4 = 6 

6fe = 24 

% > 36 

4(a;-5).= a; + 7' 
^ 3y ^ 175 < 200 
For graphs, see 8020 



8510 



B. Linear in two or more variables 

(See -8040) ' • . • . ^ 

Ex.. The sum of two numbers x and y is 13. The difference 
between x and 2/ is 5. What are the numbers? 



C. Quadratic in one* variable ' • 

(See 8040) 

Ex. Name the two solutations of a:^ +'4a: « 0/ 



3515 



2m 



14> ^> 



/ 



/ 

/ • 



^ ^' ^ Other Topics 

* 4 

' Ex. Solve ,(x - 4)<a: - 1) » 0 and a:, ft 4! 



8590 ' Order of operations 

't 

Ex. Which is larger, a or bl 
a = 5 + (4 ;< 2) 
/ . Z> « (5 +/4 X 2 \ 

Answer; a « 5 '+ 8 *« 13 
& » 9 X 2 - 18 . 
b > a 

Ex. Find the value of 5 + 4 x 2. 
Answer: 13 




When no symbols are used, the rul6 is to do operations in 
the following order: * \ ^ 

first, p^Qwers and roots /> 

second, multiplication ..and division 

third, addition and Subtraction.' 



TOPIC VIII: 

^ummari^ 



General review 



9000 
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Review codes are to be used only if the authpr $tates (in 
teacher text or pupil text) that this material U rQviw. 
In most cases, the word review will be used* but there 
may^e ao equivalent expression such' as maintenance of 
skills* 

Ose code 9000 if more than two mathematical content 
topics are presenterd in a single review Ipgsqn tod 
one or two items of content cannot be identified as 
of mgjjor /importance. ^ 

Sets of supplementary ^ages at the end of a book are 
coded^9000 tor gfeneral review^ gr 9020 through 9111 
for/ specific review unless these pages-^re intended 
I for practice priwta mastery. / 



Test 

' REVIEWS 

Properties of and basic operations with whole nunters 

L ' 
Propertiis of ancyi^^asic operations with fractional nujribers 

Properties ar^ basic operations with integers 

■ • ,// 

Numeration.^ 



Sets 



Geometry 



1 



149 



9010 

,9020 
9030 

.9040 
9050 
9060 
9070 



Summaries 

t 

SEVIEWS. 

Measurement 



Number p.attebs and relationships 



Ratio and proportion 



Per cent 



Graphs 



Statistics 



Probability 




Finite mathematical systems 
Logic ' • 

Relations and functions 

I - - 

Estimation 

» **' * • 

Properties of relations 

Mathematical sentences (equatipns) 

* tise when specifically being reviewed. 

Mathematical sentences (equations) will be tised with man 
topics and especially with> problem solving.' The lessons 
are then coded fi%cording to the topic being studied. 



150 
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Algebra 



APPENDIXES AND GENERAL INFOBMATION 
Bibliography - student 

Bib! i ography • - teacher 

Gaines 

GlossaVy 

Index - student text 
Index - teacher text 



\ 



Introduction - foreward 
preface 

notes to feacher 
philosophy and series development 
information about authors 

Mathematics text for teacher inservice material 

Overview of Program,- Grade Level (survey 



Overview of Program - Scope and Sequence Chart 

Table of Contents 

Tables: Measures, etc. 

Title Page, Covers, 'fjotes. General 

Vocabulary <no di rect mathemati cal knowledge needed) 



15.1 



INDEX 



\ J: 



Absolute value, 2040, 2535 
Addition 
basic concepts* s^e 
associativity 
binary operation 
closure ^ < 

commutativity ' / 

computation 

common fraction notation, 1190, 
1200 

complex numbers, 2920 
decimal fraction notation, 1210 
integers, 2110 
rational numbers, 2610 
real numbers, '2830 
whole nuinbefs, 0190-0231 
development 

fractional numbers 
num^r line, 1130 
platfe^or sblid regipns, 1140 
union of disjoint sets, 1120 
\ integers ' i 

" number line, 2053 ' 

physical world situations, .2055 
whole numbers 

number line, 0130 
union of disjoint sets, 0120 
elemental^ facts, 0190 
one, role of, 0180 
zfero, the identity element 
, algebra, 8502 

fractional numbers, 1180 
integers, 2090 
whole numbers, 0170 
Additive inverse, 2100 
Algebra, 8502-8590 • 
Algorithm^ 

^uclidean, 7051 ^ ^ . 

' historical, 0230, '0331, 0521, 0671 
Angles ' 

definition, 5115 
^ kinds, 5125 
measurement, 5270 
,relgions foymed by, 5140 
Appii^cations of matliematics, 8180 
Approximation, rational, 2760 
Aitea, 5290 
l^rrays 



fractional numbers 

multiplication, 1340. 
whole numbers 
" division, ;0555, 

multiplication, 0360 
Associativity ' 
addition 

fractional numbers, ll70 

integers, 2080 

whole niiabers, 0160 
division 

fractional numbers, 1530 

integers, 2260 
' whole numbers , 0600 
multiplic^ation 

fractiprtal numbers, 1380 

integers, 2210 

whole numbers, 0420 
subtraction 

fractional numbers, ''1280 

integers, 2160 

whole numbers, 0290 
Average, 8060 



Betweenness, 5030 
Binaty operation 
. addition . . ' . ^ 

fractional numbers^ >110 
integers, 2050 
whole numbers, 0110 
division \^ , 

'fractional numbers, 1450 
integers, ?240 ^ ^ ' 
whdle numbeif^s , d530^ 
' muitiplication^ - - ^ 

fractional numbers, 1320 
integers, 2180 
whole nimibers, 0340 
subtraction 

fractional numbers., 1220 
integers, 2120 » " 
whole numbers, 0240 



Cardinal numbers 
Veyond ten, 0035 
ohe through ten, 0030 
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153 



INDP( (ddhtinuedl 



1150 



1500 



\ 



zero, 0020 " 
Cartesian product s^te 
cross products, 4160 
multiplication developed, 0390 
Circle , * / 

, circles, 5180 ' , 
conic section, as a, 5199 
locus of points', 5520 
Circumference, 5280 
, Clock arithmetic, 8100 
Closure 
addition 

fractional numbers, 
iritegars, 2060 * 
whole numbers, 0140 
division 
f factional numbers. 
Integers, 2260 
whole numbers, 0500* 
multiplication . 

fractional numbers, i360 
integers, 2190 ' 
whole numbers, 0400 
subtraction 
^ fractional numbers, •1280 
integers, 2150 ' . T 
whole numbers, 0^90 / 
Combinations '(and Ijenmitations)-^' 
Commutativity 
addition 

fractional numbejs, 
integers, 2070' 
whole numbers, 0150 
liivision ' 

fractional numbers, 
^ Integers, '2260 

whole numbers, 0600 
•multiplication - 
fractional numbers, 
integers, 2200 
' wl>ole numbers, 0410 
subtraction 

I • fractional; Jiumbers , ItSQ 
integers, 2160 
xAiole numbers-, 0290 ' 
Completeness, 279lO ' 
Complex numbers" • - 
jcomputation, . 2910 
development, 2920 



8075 



1160 



1530 



1370 \ 



Composite numbers 

general, 7020 

special, 7030 
Qomputation 

coiiq)lex tiumbers, 2910 

other number systems: eee the 
operation 
Cone, 5192; 
Conic sections, 5195 
Congriiency, 5240 . 
Constructions' 

line (one dimensional) , 5210 

two, dimensional (plane figures), 5220 
, three dimensional (space figures), 

5230 . " . ' 

Conversion* of units, 6130 
Coordinate plane 

ordered pairs, 8030^ 

solution sets, 8040"/" 
Counting 

backward, rote, etc., 0090 
* -cardinal number , 0060 

fractional nximber, 108Q 

ordinal counting, 0070 
> skip^ count'ing, 0^80 
Counting numbei^s / 

see Natur£\l' nucpers , . 

qross "products , 4160 \ ' ' 

Curves 

area,. 5290 ^ \ 
^ circumference, 5280 ^ 

lii depth; 5174 \ 
"iAtuitive concepts] 5060 
^ pd^rimeter, 5280 1 
^ regions formed by, 5070 
Cylihjder, 5'l91 \ 



Decimal fractions ^ 
addition, 1210 \ 
/division, 1550 \ ^ 
* multiplication \' 

common , fraction nptation, 1430 
decimal fraction notation, 1440 
^repeating decimals,' 3033 
subtractrion, 1310 
terminating decimals , '3030 - 
Density, 1100^ 2780 ' ^ 
Difference offsets, 4120^ 
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INDEX (continued) 



Digits, significant, 6002 
Directed nunibers, 2040 * 
■ Disjoint sets, 4090 
Distance 

./ s^e Measurement, linear units 

between two points, 5320 • 
Distributivity 
algebra, 8505 
fractional numbers, 1390 
integer?, 2225 
whole numbers, 0430, 0575 
Divisibility rules, 7080 * 
Division 
basic concepts: see 
associativity 
binary operation 
* closure * 
commutativity 
computation 

common fraction notation, 1540 
decimal fraction notatibn, 1550 
exponential form 0670 
integers, 2270 
multiples of ten, 1555 
- powers of ten, 1555 
rational numbers, 2640 
rAal numbers, 2860 
wWple numbers^ 0610-0670 
development 

fractional numbers 
ilumber line, 1470 
plane and solid regions, 1480 
successive subt?:action, 1460 
integers 
number line, 2243 
physical world situations, 2245 
whole numbers 
arraiS^s, 0555 1 
equivalent sets, 0540 
nuQiber line, 0560 
successive subtraction, 0550 
, elementary facts, 0610 
inverse of multiplication 

fractional numbers, 1490 
^ integers, 2250 
whol^ nunibers, 0570 
' "V^ne, role of 

fractional numbers, 1510 
integers, 2255 ^ 



'whole numbers, 0580 
zero 

fractional numbers, 1520 
whole numbers, 0590 

Domain, 8145 

Dry measures, 6100 



e, 2810 
Ellipse, 5195 
Empty set, 4070 
Equal 

numbers 

B^e Ordering 

sets, 4037 
Equalities, graphihf 

number line, 8020 

coordinate pl^ne, 8040. 
Equations 

algebra, 8510, 8515^ 8520 

mathematical sentences, 8170 
Equivalent 

notation 

see tJotation ' 

sets, 4010 
Error , ^ 

greatest possible, 6005 

round off, 6004 
* relative; 6006 
l^stimation, 8150 • 
Euclidean algorithm, 705JL 
Exponent, 0520 * 
Exponential form 

division, 0670 

multiplication, 052J3 

notation, 3120 



Factorizatibn, prime, ^ 7070 

Factors * ' ^ 

and primes, 7010 
exponential form, 0520 
greatest common, ^^7050 

Finite sets, 4100 / 

Fiowc charts, 8190 

Fraction, unit, i095, 1421 

Fractional numbers, 1000-1620 

^ counting, 1080 
definition, 1000 
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INDEX (^tinued) 

density, uoo 
development 

arrays, 1010 

.basic operations, 1005 

number line, 1020 \^ 

other ways, 1035 

Vlane and solid regions, 1030 

subsets, 1010 
equality, definition, 1060 
not at ion : see . No t at ion j 
operations / ( 

see the operation ( 
operations, sequential, 1560 
orderkng , ' 1090 

relatiionship^ to whole numbers, 1040 
Functions, SlAOi 



Geometry, 5010-5800 

designs, 5020 

environment , 5010 

non-Euclidean, 5800 

notation, 5600 

position, 5030 

aee also individual topics 
^ Graphs 

on a coordinate plane, 8030, 8040 
on a number line, 8020 
statistical, 8050 
Greatest; common factor, 7050 



Historical development 

notation, 3150, 33L53, 3158 
number concepts, 3140 
units of measure 
metric, 6010 - 
non-standard, 6009 
History, 8200 
Hyperbola, 5195 



Identity element 
addition, 

algebra, 8502 

fractional numbers, 1180 

integers, 2090 

whole numbers, 0170 
multiplication 



algebra,, )l|p3 
fractional numbers, 1400 
Integers, 2220 
whole numbers, 0440 
Inequalities ^ 
algebra, 8510, 8515, 8520 
mathematical sentences, 8170 * . 
number line, 4020 * 
coordinate plane, 8040 
see also Ordering 
Infinite j||ets, 4110] 
Integers , 2000-2320 1^ 
absolute value, 2M6^ 
definition, 2000 ^ 
developed from ^ 
number line, 2010 
physical world situations, 2020 
directed numbers, 2040 
operations 
see under the operation 
' ordering, 2030 

relationship to natural numbers, 2730 
Intercept, 8042 
Intersection 

of geometric figures, 5420 
of sets, 4095 
Inverse 
additive, 2100 
multiplicative, 1420 
* operations 

see Subtraction; Division 
Irr)ational numbers ^ 
-^construction, 2770 ^ 
development , 2750 
rational approximation, 27,60 
special, 2810 ^ 
see also Real numbers 



Latitude, 6038 ' 
Least common multiple, 7060 
Linear units * * . 

see Measurement 
Lines ' ^ 

construction, .5210 

definition, 5106 

intersecting,^ 5105 

measurement y 5260 

^oblique, 5105 



\ 



^ parallel, 5105 

reptesentatlon of, 5080 

skew, 5105 
Line segment, 5101^ 

measutement , 5260 

notatlofn, 5600 
Liquids ^ 

see Measurem'ent 
Locus, 5520^ 
Logic 

In depth,^ 8135 

reasoning, 8130 



/ 



Mathematical sentences (equations)', 

•8170 * . . , : 

Mathematical systems 

clock arlthmetflc,. 8100 ' . 
modular arithmetic , 8100 
* number systems ^ ' 

see the ay stem. e^g. Integers ^ 
other, 8120 
without numbers, 8110 
. Mean, 8060 . - / . 

' Measurement, 6000r6140 • ; ' 

approximate 'nature, '6001 
\conyerslt)n, 6130 , . " 
cubic .units ' * 

^ ' .Englishr, 6034 " 

m.9tr±c, ^037 " * . . ' 

non-standard, 6034 
/ jiry m^su^es, ^00 ' *; 
historical developments^ ^ 
1 English, 6009^ ^ ; ; 

^1 metric, 6010 / ^ ^ 
'\non-standarjd,.- 6009 
liquids ' ' , 

.English, 6070 " 
^ metric, j6p75 
. . ^noilTStahdaifdi '6070* - • ' ' 
, linear uijilffe 

English, /603O, .6b§.0 - 
metric^ 6032; 6065 • . > 

^ • non-standard, 6028 ^ 
. .'meatilng of, 6000 ^ ' ' 

money, 6040 ' . - " . 

operations rej^ated to* denomin^tfe. 
/ r]ijLim1)ers, 612Q , ^ - 
other units, 6038* ' ' " ' 



' ^ • INDEX (con^nued) 

precision, 6003 * » 

quantity (dozen', gross, etc.), 

6110 , ^ ^ 

square unlt*s y 
^ English', .'6(^34 , 
B^etric, fe0^5. 
non-standard, 6034 v,"' * 
temperature, 608Q 
time, 605b. ; 
-weight 

English, 6090 
metric,. 609^5 . > • 
non-statidard, 6090 
Measures of .central tendency, 8060.*^' 
Measures df ^Varijability 
, see Statist less 
Median, 8d60 - . * ^ 
•Mpd'e, 8060,^ ' ^ ' 

Modul'ar arithmetic, '8100 
Money,* 6040' ' > . 

MuJtiiple^ v ' * ^ 

d^lnltl^,' 7055 ^ 
lea^t 'common, 7060 ^ ^ • ' 

Multiplication ' " • 
basic concepts: see 
associativity . * 
binary operatioh ^ - 

' closure 5 
> commutativity ^ 
computation j 

common faction ^notation, 1430 
^ * decimal fractiofi notation, 1440 
integers, 2230 
' multip?,esM^ ten^ 3.441 ' .^^ 
p.ow^rs of ten, 1441 ' ' 
rational number^', 26^0 
r'^1 numbers, 2850 < I 

whole humbepB , * 0460-05^2 
developmjpnt ' ' ^ ' v 
'integers * - * * '/ 

number* line,* 2183 * 
physical, world' situations, 

2185 . ; . 

fjractional number s^' . . / 
addition: df,^qual fractions. ^ 
, ;\1330 . :\ . ^ , 

' ; i^rraysy 1340 . ' .'^^^ ' / 
, aiufiber/llne, 1345 ^ 

'pf^rie and 6olld' regions 1350 
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INDEk (continued) V' ' 

sets, 1340, * . 

^lem^tary facts, 0460 ] - 

multiplicative inverse, 1429/ 
one, the idenjtity element^"*^ 
/ algebra, 8503 •* 
fractional numbers, 1400> 
^ • integers, 2220 



whole numbers, 0440 
whole numbers 

arrays^, 0^60 
. Car^sian product sets, 0390 

number line, ^370 
. repeated addition, 0380 

union pf equivalent sets, 0390 
^ zero . , ^ 

fractional num)>ersJ 1410 

whole numbers, *O450 ^ 

Natural numbers,' 2720,1 2730 
/definition, 2720 ' " . 

/ relation to other sets' of numbers, 
[ ' 2730 " ' '1 

Non-Euclidean geopietry, 5800 * ' 
/ Non-neg^tiye, ratfonaJs-^ 4 
Qee Fractional numbers , 
iJ9tatioTi . 

, commasi 3050 ' > 

common 'fraction, 3020 
dedimal fraction 
repeating, 3033 
•terminating, 3030L 
pldce value, 3110 
expanded 

fractional numbers, 3015 
V non-^declmal systems^ 31^3 
. x^hole numbers^ 3010 
-'exponential, 3120 
'geometric, 5500 
• historical systems, . * 
^ Bee Historical development 
mixed numeral, ZQTif 
other Jiai^ies for a number, 
other number \bases, 31^0 
' per cent, 3035 ^ ' ' 
. reading i^lmiirals, 3050* 
' scientific, 3130 

writing numerals \ 3050 
B^e also -Place Value 
Numbir| \ 



3040 



cardinal ^ 

beyond ten, 0035 

one through ten, OCfeO 

>zero, 0020 

composite 

general, 7020 — 

jpeclal, 7030 

debimai 



V7 




^ )^ 8ee Decimal numbers 
\ directed, '2040 
even, 7000 - 
factorial, 7130 
fractional 

see Fractional numbers 
integer^ 
, see Integers 
. natural <^ \ 

fee Natural ntimbera 
negative ratiqnals. 
* - see Negative rationals/ 
non--negative rational s' 

see Fractional numbers 
odd, 7000 

otdinpl \ ^ \ 
cobating^070 
sen«e, 0040 
^square, 7120 
, triangular, 7110 , 
whole ^ 
see Wfiole numto^rS 
Number bases, ot>ffe^ * fl&iii ten, 

316013171^-^ 
Number line 
' completeness, 
graphs, 8020 ''^^ ^ 
one-to-one correspondence; 
0050 ' / ' 

' see alio Operations, development \ 
and Number systems, development 
Number ^p^t terns, 7000, 7160 / 
Numbe ^ys t ems 

seeXomplex^ numbers , FractionajL 
numbers (non^egative ipatibnal 
numbers)-* ^Int^gers, Natural 
.numbers, Rational numbers^ Real 
' numbers. Whole number's. 
Numeral 

difference between number and*" 
• numeral, 3000 
. reading and writing, 3050 

f 



( 
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ium})er8, 6120 



0090 



One, role of 

see the operation 
One-to-one coTresponjlence 
in coilnting, 0060 
numbep line, 0050 
sets,] 4010 
Obliyi^ lines, 5105 
Operations 

order of, S590 
related to denominft 
auential / 
fractional num^eJI, 1560 

^1 numbeijft 2650 
real nbsi^rs ,j^o80 
whole numbers, 0680, 
with geometric^igures 
intersection, 5420 
union, 5410 ^ , 

with sets 

complement, 41*^0 
difference, 4120]- 
intersection, 40)5 
union, 4095 
see atso Addition, 1 Division, ^ 
Multiplication, Subtraction 
Optical illusions, 5081 
Ordered pairs, 8030 
Ordering 

fractional numbers., 1090 • ^ 
' integers, 2030 • • 

rational numbers, 2540 
idiole numbers, 0100 

Ordinal ^^^^ 

counting, 0070 . \ 

nmber sense, 004(| * > 

i 

Parabola, 5195 
^Parallel lines, 5103 
Per cent 

computatjlon^ 8008 
development 

equations, 8006 ^ . 
formula, 8007 
ratios, 8005 
meaning and vocabulary, *8004 
notation, 3035 



'\ INDEX (continued) 

'^^'^^--^imeter, .5280 
'Permutations, 8075 
Pi, 2810 

Place* value - , 

base ten 

decimal fractions, 3110 
one digit numerals, 3060 ! 
three or more digit numferal^, 3080 
two'digit ni'meralG, *30)0 \ 
histotfical systems,, 3150 
number bases other tfian ten, 3160 ^ 
Planes, 5143 

representation o^, 5080 
.see also Graphs 
Point, 5090 

representation if, 50S0 
see also Graphs, 
Polygons^ / / 

general propertites'; 5145 ' » 

other, 5170 y 

see also Triangles and Quadrilaterals 
Powers, raising. to^ 0700, 2870 
Powers of ten 

as a factor, 0515 
division* by, 0667 
see also Notation 
Pr;ecision,j 6003 ' 
Prime factiorization. 
Prime numljer,, 7010 
Prism, 5188 - 
Probability, SCjSO, 8082 
Progression / 
arithmetic-, '7090 
geometric, ^100 
Properties cooperations 
rational .n^bers, 2545 
other number systems: see the 
property 
Proportion,.' 8000 
Pyramid, I 5l8 6 

Pythagorea^ Thc^orem, 2770, 5320 . 
gore^n Triples, 7155 ' j 



. ^ Quadrilaterals, 5160 

) ^ Quantity (dozen, gross, etc.), 



6110 



Range \ 

relations and functions^ 8145 



I 
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INDEX (continued) 

statistics, 8070 
Rate paits, 8002 
'Ratio 

and proportioi;i, 8000 
use in .per cent, 8005 
Rational numbers, 2520-2660 
^absolute value, 2535 
c6mputatl9n ' 7 ' 
ttse,e the opex^Hon 
d^iaition, 25^20 ' ' 
development, 2530'* 
nonnegative , 

dee Fractional numbers 
ordering,' -2540 
properties, '2545, 
relationship to natural numbers, 
2730 

Ray, 5160 * \ 

Real numbers ,^ 2750-2880 
computation 

see the operation . ! » 
density, 2780 ' ' 
development, 2750 ^ * 
properties, 2800 
Reciprocal, 1420 
Regions 

^j^ormed by angles, 5140 
formed by curves, 5070 
lise in development of operations 
see the operation 
Relations r 
and functions, 8140 
properties of, 8160 
"*Relatij/e error, 6006 ] 
Replacement sets, 4i25 
Roman tium^als, 3150 
Rounding 
Round off 



^umbers, 3100 
error , 60^ 



Roots, fiiding, 07 GO-,, 2870 



Scale dravingf^ 5255' 
Soientific/^tation, 3130| 
Separation of sets of points, 5510 
Sequences 
arithne 
geometr 



/ 



:ic, 7090 
ic, 7100* 
increasing by one, 00751 
special', 7150 ' * 

Sequential operations ' , 



see Operations, sequential / 
Sets, 3994-4160 I 
. Cartesian product (cross product) , 
4160 

complement, 4120 
d^iscripfion, 3994 
difference, 4120 
disjoint, 4090 
elements, 4000 
empty, 4070 
ipqual, 4037 
equivalent, ,4010 
finite, 4100 

infinite, 411Q ^ ' 
intersection, 4095 . 
mfijfifeers, 40GfO 
nfejni-equ ivalept ^ ' 
Vgeneral, 4030 ^ 

one-to-many cotrespondence, 4035 
one-to-on€[ correspondence, 4010 
replacement, 4125 
solution, 4125 ^ 
. subsets, 4060 a 
use fn development of , operations 
see the operation 
unequal, 4040 . 
union, 4093 
universal, 4120 

use in development of operations 
see ihe operation- 
Venn diagrams, 4097 . ^ 

Significant digits, 6002 0 
Similarity >^ 
scale drawing, 5255 
similarity, 5250 
Skip counting ^ 

see Counting ' ' 

Slope, 8042 
Solution sQf:s 

and r-eplacement sets, 4125 
graphing, 8020, 8040 * 
Space^ . 
representation of ^ 5080 
thiree dimensional, 5183, 
Spatial' relations, 5030 
Sphere, 5194 . 
Statistics 
charts, 8050 '\ ^ 
frequency tables, 8050 
graphs, 8050 



r 



/ 
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measures of central tendency, 8060 

measures of variability, 8070 ' 
Subsets 

^ee Sets 
Subtraction j 

basic concepts: see ' 
associativity 

binary operation I 
closure 

oommutativity | 
computation 

common fractijDn notation, 

1290, 1300 ' 
decimal fraction notation, 

1310 \^ 
integers, 2170 
ratiotial numbers, 2620 
real numbers, 2840 
whole numbers, 0310-0331 
development 

fractional numbers 
number line, 1240 
plane or solid regions, 1250 , 
subsets, 1230 
integer's 

number line, 2053 
physical world situations, 2055 
whole numbers 

number line, 0260 
separating action, 0250 
subsets, 0250 ^ ^ 

elementary facts, 0310 
inverse 6f addition 

frartibnal numbers, 1260 
, Integers, 2130 

whole numbers, 0270 
one, role of, 0300 
zero, role of 

^ fractional numbers, '1270 
integers, 2140 ^ 
whole numbers, 0280 
Surfaces 
?tea, 5310 
simple, closed,' 5075 
Symmetry, 5245 



Tables 

ac^ition, 0231 
multiplication, 0522 



INDEX (continued) 

Temperature, 6080 

Three dlmensidbal figures' 

construction; 5230 | 

general pr9perties, ,5Xfi5 

intuitive concepts, 50! 0 
see also' the figure 
Time, 6050 
Topology, 5174 
Transformations, 5248 
Triangles 

definition, 5150 

kinds, 5150 

area, 5290 
Trichotomy, 0101, 1098 
TrigonOTietry, 8220, 8230 
Two dimensional figures 
^ construction , * 5220 

intuitive concepts, 5040 
see also the figure. 




Union 

geometric figures, 5410 * 
sets, 4093 

use of in development of operations 
see the operation 
Unit fraction, 109^, 1421 
Units of measure 
see Measurement 
Universal set, 412( 

\ 

Variation, diretft and inverse, |^001 
Vectors, 5700 

Venn diagrams A \ 

logic, 8135 ' \' 

sets, 4097 

Volume, 5300 



Weight 

see Measurement 
Whole numbers, 0010-0720 
counting 

see Counting 
\ computation 

see the operation 
' definition, 0100 

developing num|)er sense 
see Cardinal} Ordinal 
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• operations / 



see the ppevaHon 
ordering, 0100 

relationship to fractional numbers, 1040 
relationship to natural numbers, 2730 

Zero 

cardinal ifember, 0020 
see also Addition, Division, 
Multiplication, Subtraction 



\ 
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